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Abstract

The integral variation map and algebraic monodromy of isolated plane curve singular-
ities are important homological invariants of the singularity which are still far from being
completely understood. This work provides effective ways of computing them with respect
to an explicit geometric basis of the homology.

For any given topological type of plane curve singularity, we construct an analytic model
of it, along with a vector field on our version of its A’Campo space. This vector field is
tangent to the Milnor fibers at radius zero and the union of the stable manifolds of their
singularities yields a spine of each fiber, which can be described explicitly. This is very much
inspired by a recent work of the authors.

Our first main contribution is the algorithmic computation of the algebraic monodromy
and integral variation map as matrices with explicit bases for any Milnor fiber in the Milnor
fibration, not merely congruence classes. For our second contribution, we introduce gyro-
graphs which are graphs equipped with angular data and rational weights. We prove that
the invariant spine naturally carries a gyrograph structure were the weights are given by the
Hironaka numbers, and that this structure recovers the geometric monodromy as a homo-
topy class, as well as the integral variation map. This provides a combinatorial framework
for computation by hand. Our methods are further implemented in a publicly available
computer program written in Python.
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1 Introduction

The topological type of an isolated plane curve singularity pC, 0q Ă pC2, 0q, defined by a germ
f P Ctx, yu can be encoded in the minimal resolution graph. The topological information can
be also fully recovered from the Milnor fibration, that is, from the locally trivial fibration

f´1pBDδq X Bε Ñ BDδ

given by the restriction of f to the preimage of a small circle intersected with a small enough
sphere, with 0 ă δ ăă ε. Its fiber F is called the Milnor fiber, and its characteristic mapping
class

G : F Ñ F

is called the geometric monodromy. Its induced action at the homological level is the algebraic
monodromy associated with the Milnor fibration

G1 : H1pF ;Zq Ñ H1pF ;Zq.

The singularity being isolated allows one to consider a well defined geometric monodromy which
acts by the identity on the boundary BF on the Milnor fiber which, in turn, allows for the
definition of the variation map with integral coefficients

Var : H1pF, BF ;Zq Ñ H1pF ;Zq

ras ÞÑ rGpaq ´ as

where a is any relative cycle representing ras.
Both the algebraic monodromy and the variation map are homological algebraic invariants of

the embedded topological type of a plane curve. The variation map is equivalent to the Seifert
form, and it determines the algebraic monodromy. There does not exist a satisfactory classifi-
cation for these algebraic objects. Indeed, there is no good generalization of the (generalized)
Jordan canonical form of a linear endomorphism on a finitely generated free Z-module, nor is
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there any classification of integral bilinear (and non-symmetric) forms which encode the variation
map. This work builds towards the objective of better understanding these objects.

Results in this direction include Selling-reduction [Sel73] which was used by Kaenders to
prove that the Seifert form determines the intersection numbers between branches of a curve
singularity [Kae96]. Also, explicit description of the Seifert form is obtained in [EN85] for a class
of links including algebraic ones, as well as by A’Campo [A’C75b, A’C75c, A’C99, A’C98] and
Gusein-Zade [GZ74] using divides.

It is known that the algebraic monodromy determines the number of branches, and that in the
case of one branch, the algebraic monodromy, in fact, its characteristic polynomial, determines
its topological type fully. This is no longer the case for two or more branches.

Examples of pairs of plane curve singularities having the same algebraic monodromy but
distinct topological types, are given in [Gri74], using rational coefficients, and in [MW86] using
integral coefficients. In [dBM91], du Bois and Michel describe pairs of plane curves which are
topologically distinct, but have the same Seifert form. In particular, the integral variation map
does not distinguish them. Deep results in the direction of classifying these homological invariants
include [MW86, MW84, DBR07, DBM92].

In order to investigate these homological invariants of a plane curve singularity, the algebraic
monodromy and the variation map, we construct explicitly a suitable analytic model of the
topological type, as well as a spine in its invariant A’Campo space. In [PS25b] we already
constructed a spine on the Milnor fibers at radius 0 as the union of the stable manifolds associated
with a suitable vector field that arises as a limit-rescaled version of the complex gradient of
f . The spine in this work is a combination of A’Campo’s classical construction of the Milnor
fibration at radius zero by real oriented blow up, and interpolating pieces described in [A’C75a],
and our work [PS25b]. Here invariant means collapsing certain disks in each invariant Milnor
fiber at radius zero. The invariant spine in this realization of the Milnor fibration consists of
an embedded graph in each Milnor fiber. Vertices and edges of this graph are singularities and
trajectories of a specific vector field on the invariant Milnor fiber which is similar to that obtained
in [PS25b] but slightly modified for computational convenience. This way we get to one of the
main contributions of the present work: for an arbitrary topological type, we compute explicitly
the action of the monodromy of the chain complex associated with a finite graph, as well as a
map from the dual chain complex which represents the variation map, with integral coefficients.
Our methods are effective and produce, not just congruence classes of matrices but an explicit
description of the basis in which these matrices are computed.

Our methods differ from the existing literature in that the calculation of integral matrices
representing the algebraic monodromy and variation map are done at the level of the chain
complex, obtained by representing the Milnor fiber as a handle body, with µ`m0 ´ 1 handles of
index 1, and m0 handles of index zero, where m0 is the multiplicity. Handle body decompositions
of this type, and reductions of them by handle cancellations, have appeared in the algebraic and
topological study of hypersurface singularities in [Trá75, TP79, Tei77, Sig25].

This handle body decomposition is strongly related to Lê polyhedra [Lê88, LM17], which
inspired our construction of the spine. They cannot, however, be defined over the whole base
space of the Milnor fibration, as this would imply periodicity for the monodromy. The spine, in
contrast, is well defined for every angle, at the cost of not giving a locally trivial family. As a
result, however, this allows us to study the monodromy acting directly on the cells in the spine.

These results are used in two ways. Firstly, they are implemented in computer code, written
in Python, and relying on Singular for calculating resolutions, which allows for fast computation
of the integral monodromy and variation map. This code is publicly available in a GitHub
repository in [PS25a]. Secondly, we introduce the notion of a gyrograph, which is an extra
structure on a graph that can be understood as a version of tête-à-tête graphs (see [A’C10]
for the original definition). This structure recovers completely the algebraic monodromy and
variation map, with integral coefficients. Rather than introducing a metric on each edge, this
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structure requires angles between adjacent edges at certain vertices of the graph, as well as a
filtration, by putting rational weights on each vertex. The invariant spine introduced here is
naturally endowed with the structure of a gyrograph, the weights being given essentially by
the Hironaka numbers, introduced in [TMW01], which are ratios of divisorial valuations of the
defining equation of the plane curve, and a generic linear function. This result is materialized
in Theorem 8.2.3. Therefore, this approach further underlines the importance of the role of
Hironaka numbers in the investigation of the monodromy of a plane curve. The gyrograph
construction makes feasible the calculation of the algebraic monodromy and variation map, with
integral coefficients, by hand.

Outline of the paper

The paper is structured to go from the purely combinatorial data of the resolution graph to the
analytic geometry of the singularity, and finally to the algebraic computation of its invariants.
We begin in Section 2 by establishing the requisite combinatorial framework. We define the
resolution graph Γ not merely as a topological object, but as a directed graph rooted at the
blow-up of the origin. We introduce the notion of a “nice” total ordering on the branches of the
curve, which allows us to induce a unique total order on the vertices of the graph. This ordering
is crucial for the subsequent consistent labeling of charts and gluing maps.

In Section 3, we translate this combinatorial data into a concrete geometric object. We
construct a complex manifold Y by gluing local analytic charts pUi, Ũiq according to the di-
rected edges and labeling functions defined previously. Within this analytic model, we define
the function f and a regular sequence of parameters, ensuring that the divisor structure matches
the resolution graph. This construction provides the local coordinates necessary for our later
dynamical analysis.

The topological realization of the Milnor fibration is developed in Subsection 3.4. We per-
form the real oriented blow-up of our analytic model to obtain a manifold with corners. A
central object of our study, the invariant A’Campo space Ainv, is constructed here as a union
of Seifert-fibered spaces over the real blow-up of the exceptional divisors, connected by interpo-
lating thickened tori. This space serves as the domain for the geometric monodromy and the
support for the vector field that drives our homological calculations.

The dynamical core of the paper is in Subsection 3.5 and Section 5. We define a horizontal
vector field ξinv on Ainv by lifting gradient fields defined on the exceptional divisors. We provide
a detailed local analysis of this vector field, characterizing its singular locus, which consists of
non-degenerate saddle points and specific multipronged singularities arising from “dead branches”
(bamboos ending at valency 1 vertices) of the resolution graph. This analysis follows closely that
of [?]. A key analytic result is established in Theorem 5.2.2, where we prove that the set of
“non-generic” angles (those values in the circle R{2πZ for which saddle connections occur) is
finite, thereby ensuring the stability of our topological models for generic angles.

In Section 6, we transition from dynamics to algebra. We construct a 1-dimensional chain
complex pCθ, dθq generated by the stable manifolds of the vector field, and a dual complex C_

θ

generated by the unstable manifolds. We prove that these are quasi-isomorphic to the absolute
and relative singular chain complexes of the Milnor fiber, respectively. This identification allows
us to define the algebraic monodromy matrix Bθ (at the level of the chain complexes) explicitly
in terms of the intersection numbers of the flow trajectories on the invariant A’Campo space.

Building on this algebraic framework, Section 7 focuses on the variation operator. We define
a linear map V at the chain level, acting from the dual complex to the primal complex. We prove
that this operator induces the classical variation map on homology, providing a bridge between
our Morse-theoretic construction and classical singularity theory.

On Section 8 introduces the theory of “gyrographs” as a computational application of our
results. We show that the invariant spine of the fiber, when equipped with weights derived from
the Hironaka numbers of the resolution, forms a gyrograph (Theorem 8.2.3).
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Finally, on Section 9 we explain briefly how to use the implemented software [PS25a] that
realizes the computation of algebraic monodromy and variation operator.

2 Preparation

Let pC, 0q Ă pC2, 0q be a plane curve defined by a germ f P OC2,0.

2.1 Initial data

We take as initial data the resolution graph Γ of a plane curve pC, 0q Ă pC2, 0q together with a
total order of the branches C1, . . . , Cr.

Let π0 : pY0, D0q Ñ pC2, 0q be the blow up of C2 at the origin. And let C̃ be the strict
transform of C in Y0. Let t be the number of distinct tangents of pC, 0q. In this way, C̃ intersects
D0 in t points tp1, . . . , ptu and, since Y0 is smooth, each germ pC̃, pℓq with ℓ P t1, . . . , tu is a
plane curve whose branches correspond to a subset of the branches of pC, 0q.

Notation 2.1.1. Let Y Ñ C2 be a resolution of the plane curve defined by f . We define the
associated dual graph Γ.

Vertices of Γ The set of vertices of Γ, denoted W, is the disjoint union of two sets: W “ VYA.

❀ The first set is V “ t0, 1, . . . , su.

❀ The second set, A, is in bijection with the set of irreducible branches of the curve pC, 0q.
We write this curve as the union of its branches: pC, 0q “

Ť

aPApCa, 0q.

Divisors and Edges of Γ Each vertex w P W corresponds to a divisor Dw in Y . For the
vertices a P A, the divisor Da is the strict transform of the corresponding branch Ca in Y .

The edges of Γ are defined by the intersection of these divisors. An edge ij connects two
distinct vertices i, j P W if and only if their associated divisors intersect: Di X Dj ‰ H. In the
case of such an intersection, we denote the intersection point as pij “ Di X Dj .

We denote by Wi the set of neighbor vertices of the vertex i, that is, the vertices that are
adjacent to i.

Associated Divisor Sets We define several collections of divisors.

❀ DV “
Ť

iPV Di, which we also denote as D.

❀ DA “
Ť

aPADa, the union of all strict transforms.

❀ DW “
Ť

wPW Dw “ DV Y DA, the total divisor associated with Γ.

For a single divisor Di (where i P W), we also define the subset D˝
i which consists of the points

in Di that do not lie on any other divisor Dj (for j ‰ i):

D˝
i “ Diz

ď

jPWztiu

Dj .

Graph Properties The graph Γ is a tree, as established in [Wal04, Section 3.6]. A direct
consequence of Γ being a tree is that for any two vertices j, k in its vertex set, there exists a
unique shortest path connecting them. This unique path is also the geodesic, meaning it is the
path with the smallest possible number of edges.
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Figure 2.1.1: The resolution graph of a plane curve with its directed structure. In green the
branch Γrjs of Γ at j and in red, Γris.

The dual graph as a directed graph

We endow Γ with the structure of a directed graph and recall (see [PS25b, Section 3]) the
definition of the maximal cycle.

Definition 2.1.2. Denote by Zmax the maximal cycle in Y , and denote by c0,i its coefficients.
Thus,

Zmax “
ÿ

iPV
c0,iDi.

and we have c0,i “ ordDipℓq, where ℓ : C2 Ñ C is a generic linear function. Here generic means
that the strict transform of tℓ “ 0u intersects D˝

0, or equivalently, that tℓ “ 0u is not a tangent
of C at the origin.

Since c0,i “ ordDipℓq we can similarly define these numbers for arrowheads, that is for i P A.
In this case c0,i “ ordDipℓq “ 0.

Definition 2.1.3. The graph Γ is seen as a directed graph as follows. Let i, j be neighbors in
Γ. The edge ji is directed from j to i if and only if i is further from 0 than j.

A vertex u P WΓ is called an ancestor of a vertex v P WΓ if there exists a directed path from
u to v.

We denote by V`
i the neighbors k P Vi with i Ñ k.

Definition 2.1.4. Let i be a vertex in the directed graph Γ, as above. If i ‰ 0, let j be the
unique neighbor of i such that j Ñ i. The branch (fig. 2.1.1) of Γ at i is

(i) Γ, if i “ 0 and,

(ii) otherwise, the connected component of Γ with the edge ji removed, containing i.

The branch of Γ at i is denoted by Γris. We denote by Aris the set of arrowheads in Γris. We
say that a branch is dead if it contains no arrowheads in it.

Definition 2.1.5. A total order ą of the set of branches tC1, . . . , Cru of a plane curve is said
to be nice if the following is satisfied

(i) When r “ 1 the unique total order is nice

(ii) If Ca and Cb have the same tangent and it is different from the tangent of Cc, then Ca ą Cc

if and only if Cb ą Cc.

(iii) The total order induced on the plane curves pC̃, pℓq is nice for all ℓ P t1, . . . , tu.

Remark 2.1.6. (i) By (ii), a nice total order induces a total order on the set of tangents.
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(ii) Conversely, if we equip each of the plane curves pC̃, pℓq with a nice total order, then, any
total order of the tangents of pC, 0q induces a nice total order on the set of branches of
pC, 0q.

Lemma 2.1.7. Any plane curve pC, 0q admits a nice total order.

Proof. We use induction on the number σ of blow ups needed for the minimal embedded reso-
lution. If σ “ 0, then pC, 0q is smooth and, in particular, it has one single branch and Defini-
tion 2.1.5 (i) yields the result.

If σ ą 0, the induction hypothesis applies to the plane curves pC̃, pℓq, ℓ “ 1, . . . , t. Thus, by
Remark 2.1.6 (ii), it suffices to choose a total order of the tangents of pC, 0q. ■

Notation 2.1.8. Let ă be a nice total order on the set of branches tC1, . . . , Cru of a plane curve
pC, 0q. We write Arℓs ă Arks if Ci ă Cj for every branch Ci corresponding to an arrowhead in
Arℓs and every branch Cj corresponding to an arrowhead in Arks.

Lemma 2.1.9. Let pC, 0q be a plane curve with a nice total order ă on the set of its branches
tC1, . . . , Cru. Then there exists a unique total order (that we also denote by ă) on the set of
vertices and arrowheads WΓ of the dual graph Γ of the minimal resolution of pC, 0q that satisfies
the following two properties.

(i) If j Ñ i, then j ă i.

(ii) Assume that i Ñ k and i Ñ ℓ with k ‰ ℓ.

❀ If Arℓs ‰ H and Arks ‰ H with Arℓs ă Arks, then u ă v for every pair of vertices
with u P Γrℓ] and v P Γrks.

❀ If Arℓs “ H then u ă v for every pair of vertices with u P Γrℓs and v P Γrks.

Proof. We first show the existence by constructing the total order ă. Let u, v P WΓ be two
distinct vertices. Since Γ is a directed tree rooted at 0, we have two mutually exclusive cases:

(i) If u is an ancestor of v (that is, if there is a directed path u Ñ . . . Ñ v), we set u ă v.
Analogously, if v is an ancestor of u, we define v ă u.

(ii) If neither u nor v is an ancestor of the other, let i “ LCApu, vq be their lowest common
ancestor. Then there exist distinct children k, ℓ of i such that i Ñ k, i Ñ ℓ, u P Γrks,
and v P Γrℓs. Let Arks “ Γrks X A and Arℓs “ Γrℓs X A be the non-empty sets of branch
descendants (identified with the corresponding arrowheads). The given nice total order on
A (denoted ăA) is in particular a total order, so it completely orders these sets.

❀ If Arks ăA Arℓs (that is, if @a P Arks,@b P Arℓs, a ăA b), we define u ă v.

❀ If Arℓs ăA Arks, we define v ă u.

This relation ă is total and anti-symmetric by construction. Transitivity follows from a case by
case analysis of the LCA’s of pairs pu, vq, pv, wq, and pu,wq. This construction satisfies the two
properties:

(i) If j Ñ i, then j is an ancestor of i, so j ă i.

(ii) If i Ñ k, i Ñ ℓ, and Arℓs ăA Arks, then for any u P Γrℓs and v P Γrks, their LCA is i. And
we have already seen that Arℓs ăA Arks implies u ă v.

To prove uniqueness, let ă1 be any total order satisfying properties (i) and (ii). Let u, v P WΓ

be distinct.
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Figure 2.1.2: A nice total order gives a natural embedding of the resolution graph on the real
plane R2. The numbers on the arrows indicate the nice total order given on the set of branches
as input data for a total order on the set of vertices and arrowheads as defined in Lemma 2.1.9.

(i) If u is an ancestor of v, there is a path u “ x0 Ñ x1 Ñ . . . Ñ xm “ v. By property (i) for
ă1, xj ă1 xj`1 for all j. By transitivity of ă1, u ă1 v. This matches ă.

(ii) If u, v are not ancestors, let i “ LCApu, vq with u P Γrks and v P Γrℓs. Assume Arℓs ăA
Arks. Property (ii) states that u1 ă1 v1 for every u1 P Γrℓs and v1 P Γrks. Thus, v ă1 u.
This also matches ă. The case Arks ăA Arℓs is analogous.

Since ă1 must agree with ă in all cases, the total order is unique. ■

Definition 2.1.10. For each vertex i ‰ 0 with j Ñ i. We define a labeling function hi on the
set of neighbors of i other than j. We consider two cases and in each of the cases the labeling
function preserves the total order of W.

If i has a nearby dead branch, then

hi : Viztju Ñ t0, . . . , |V`
i | ´ 2u

and, in particular, hipkq “ 0 if k is on the dead branch. Otherwise,

hi : Viztju Ñ t1, . . . , |V`
i | ´ 1u.

A special subgraph

In [PS25b, Section 6] we defined a special subgraph of the dual graph of the minimal embedded
resolution. The motivation underlying the definition of this graph was the characterization of
the set of divisors to which we could extend (a rescaling of) the vector field ´∇ log |f |. For more
on this, we refer the reader to the cited paper. Here we just give a direct definition.

Definition 2.1.11. Let Υ Ă Γ be the smallest connected subgraph of Γ containing the vertex
corresponding to the first blow-up 0 P V, as well as any vertex in V adjacent to an arrow-head
a P A. Let VΥ Ă V be the vertex set of Υ. We call the vertices of Υ invariant vertices.
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3 Construction of an analytic model

In the previous section, we established the purely combinatorial data of the singularity, consisting
of the dual graph Γ equipped with a directed structure and a total order on its vertices WΓ.

We now proceed to construct a geometric object that realizes this combinatorial data. We will
build a complex manifold Y by gluing together simple analytic charts (Ui, Ũi). The gluing process
itself will be dictated by the directed edges and the labeling function hi from Definition 2.1.10.
This manifold Y will serve as an explicit model for the resolution space of a singularity.

3.1 Analytic charts

For each i P V, define charts

Ui “ C ˆ D2
δ , Ũi “ C ˆ D2

δ ,

where D2
δ Ă C is a disk of a small radius δ. Let „ be the equivalence relation on their disjoint

union generated by

(3.1.1) Ui Q pu, vq „ puvbi , v´1q P Ũi, u P D2
δ , v P C˚,

for any i P V

(3.1.2) Ũi Q pu, vq „ pv, u ` hjpiqq P Uj , u, v P D2
δ ,

for any edge j Ñ i. We then set

Y “
ž

iPV

´

Ui > Ũi

¯

{ „ .

Then Y is a complex manifold with charts Ui and Ũi with coordinates ui, vi and ũi, ṽi.
Furthermore, we have a compact rational curve Di Ă Y for each i P V defined by ui “ 0 in

Ui and ũi “ 0 in Ũi. It follows from eq. (3.1.1) that the Euler number of the normal bundle
of Di in Y is ´bi. Also, Di and Dj intersect precisely when ji is an edge in Γ, by eq. (3.1.2).
Therefore, the dual graph to this configuration of curves is Γ. As a result, using the Castelnuovo
criterion, Y blows down to a smooth surface, which we call Y´1. We get a map

π : Y Ñ Y´1

which is a modification of the surface Y´1. Let o P Y´1 be the image of DV by π.
If j Ñ i is a directed edge, then, in the coordinates uj , vj , the set Uj X Di is given by

vj “ hjpiq. We also have a noncompact curve Da Ă Y given by vi “ hipaq for each a P A
adjacent to i P V. Denote by Ca the image of Da in Y´1 under π. Thus Ca is the image of a
good parametrisation and therefore, a complex curve in Y´1 by [Wal04, Lemma 2.3.1] . Then
there exists an

fa P OY´1,o

such that the germ pCa, oq with its reduced analytic structure is the hypersurface germ defined
by fa at o P Y´1, in other words

pZpfaq, oq “ pCa, oq.

We define f P OY´1,o by

(3.1.3) f “
ź

aPA
fma
a .
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3.2 A regular sequence

The sets Ũ0zU0 and U0zŨ0 are curvettes to the divisor D0. By the same argument as above,
there exist functions x, y P OY´1,o such that the germs given by x “ 0 and y “ 0 are reduced, and
their strict transforms in Y are these curvettes which intersect D˝

0 transversely. It follows that
x, y represents a basis of mY´1,o

{m2
Y´1,o

, i.e. x, y is a regular sequence of parameters in OY´1,o.
As a result, we have ab isomorphism

(3.2.1) OY´1,o » Ctx, yu.

By construction, the coordinate axis x “ 0 and y “ 0 are not tangent to the curve pC, 0q.
Therefore, if i P V, then ordDipxq “ ordDipyq “ c0,i (recall Definition 2.1.2). In particular, the
pullback π˚x vanishes with order 1 along D0, and the restriction of

π˚x|U0

u0

to tu0 “ 0u “ U0 X D0 is a polynomial in v which vanishes with order c0,ℓ at h0pℓq. Therefore,
there exists an a P C˚ such that

π˚x|U0

u0

ˇ

ˇ

ˇ

ˇ

U0XD0

“ a
ź

ℓPV0

pv0 ´ h0pℓqqc0,ℓ .

Similarly, since π˚y|U0 also vanishes with order one along v0 “ 0 there is a b P C˚ so that

π˚y|U0

u0

ˇ

ˇ

ˇ

ˇ

U0XD0

“ bv0
ź

ℓPV0

pv0 ´ h0pℓqqc0,ℓ .

We will assume that x, y are chosen in such a way that a “ b “ 1. In particular,

π˚y

π˚x

ˇ

ˇ

ˇ

ˇ

U0XD0

“ v0.

In fact, since the fraction y{x defines a meromorphic function on Y´1 whose only pole is along
tx “ 0u, its pullback restricts to a holomorphic function on any Di for i P Vzt0u. As a result, if
i P Vzt0u, then i is on one of the branches Γrℓs where ℓ is a neighbor of 0, and

π˚y

π˚x

ˇ

ˇ

ˇ

ˇ

Di

” h0pℓq.

3.3 Local expressions for f

Fix a vertex i P V and let ℓ P V`
i , that is, an adjacent vertex with i Ñ ℓ. By construction

π˚f has a zero of order mℓ (resp. mi) along Dℓ (resp. Di). Therefore, the function π˚f |UiXŨℓ

expanded near the point Di X Dℓ “ p0, hipℓqq on coordinates ui, vi, is of the form

(3.3.1) π˚fpui, viq|UiXŨℓ
“ umi

i pvi ´ hipℓqqmℓpaiℓ ` h.o.t.q

where aiℓ P C˚. In coordinates ũℓ, ṽℓ, we have a similar expansion

π˚fpũℓ, ṽℓq|UiXŨℓ
“ ũmℓ

ℓ ṽmi
ℓ paℓi ` h.o.t.q.

with aℓi P C˚. By eq. (3.1.2), we find
aiℓ “ aℓi.

10



Since π˚f has a zero of order mi along Di, the fraction π˚f |Ui{u
mi defines a holomorphic function

in Ui. Its restriction to Ui X Di “ tui “ 0u is a polynomial in vi

(3.3.2)
π˚pfq|Ui

umi
“ aij

ź

ℓPV`
i

pvi ´ hipℓqqmℓ

which has a zero of order mℓ at vi “ hipℓq for each ℓ P V`
i . Let a0 ‰ 0 be the leading term of this

polynomial, in the case when i “ 0 P V. By replacing f by f{a0, we will, from now on, assume
that this leading term is 1. As a result, in the case i “ 0, we have

(3.3.3) a0k “
ź

ℓPV0
ℓ‰k

ph0pkq ´ h0pℓqqmℓ , k P V0.

If i is any other vertex in V other that 0, there exists a j P V so that j Ñ i. By the same
argument, we find

(3.3.4) aik “ aij
ź

ℓPV`
i

ℓ‰k

phipkq ´ hipℓqqmℓ , k P V`
i .

Definition 3.3.5. If i Ñ k is an edge in Γ, let

Sik “ tℓ P Wi | ℓ ą ku “ tℓ P Wi |hipℓq ą hipkqu .

See left hand side of fig. 3.3.1.

Definition 3.3.6. Let i Ñ k be an edge in Γ, and let 0 “ ℓ0 Ñ ℓ1 Ñ ¨ ¨ ¨ Ñ ℓs`1 “ k be the
geodesic connecting 0 and k in Γ. In particularm ℓs “ i. We define

Mik “
ÿ

0ďrăs`1
c PSℓrℓr`1

mc.

Now let, 0 “ ℓ0 Ñ ℓ1 Ñ ¨ ¨ ¨ Ñ ℓs “ i be the geodesic connecting 0 and i, we define

Mi “
ÿ

kPV`
i

mk `
ÿ

0ďrăs
c PSℓrℓr`1

mc.

See right hand side of fig. 3.3.1.

j i k

Sik

j “ ℓs´1ℓ0 i “ ℓs k “ ℓs`1

Mik

Figure 3.3.1: On the left hand side we see, in red, the vertices that are in Sik. On the right hand
side we see: in red the vertices that contribute to Mik; which together with those in blue are
that the vertices that contribute to Mk.
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Lemma 3.3.7. Let i Ñ k be an oriented edge in Γ. Then, aik P Zzt0u and

(3.3.8) signpaikq “ p´1qMik

Proof. Take signs on both sides of eq. (3.3.4) which gives us

signpaikq “ signpaijqp´1q

ř

hipℓqąhipkq mℓ .

The result follows from applying the same formula to signpaijq and repeating the process itera-
tively along all the vertices in the geodesic 0 “ ℓ0 Ñ ℓ1 Ñ ¨ ¨ ¨ Ñ ℓs`1 “ k connecting 0 and k
(with ℓs “ i). ■

Lemma 3.3.9. Let q P Dro,˝
i,θ be such that its image by Πi is real. Then, αi satisfies the following

equations depending on where Πipqq lies:

miαipqq “ θ ´ Miπ if ´8 ă Πipqq ă 0
miαipqq “ θ ´ Miπ if ´8 ă Πipqq ă 1 and i does not have a neighbor in ΓzΥ
miαipqq “ θ ´ Mikπ if hipkq ă Πipqq ă hipkq ` 1 for k P V`

i

miαipqq “ θ ´ Mikπ if pi ` 1 ă Πipqq ă 8

Proof. By construction, argpqq “ θ, because q P Dro,˝
i,θ . By taking argument of both sides of

eq. (3.3.2), we get

θ “ miαipqq ` arg

¨

˝aij
ź

ℓPV`
i

pvi ´ hipℓqqmℓ

˛

‚

which, by part Lemma 3.3.7 and eq. (3.3.4), is equivalent to

θ “ miαipqq ´ arg
`

p´1qMik
˘

“ miαipqq ´ Mikπ

for points q such that Πipqq lies in between polar points. This proves the third line of the
statement. The other 3 lines follow from very similar considerations. ■

3.4 Description of the invariant Milnor fibration

We now use this analytic model to describe the invariant Milnor fibration. This involves a
topological construction: the real oriented blow-up. In this section we construct a new space,
the invariant A’Campo space Ainv, which is a union of Seifert-fibered pieces over the real-blown-
up divisors D̂i with some interpolating thickened tori. This corresponds to the classical A’Campo
space [A’C75a] after contracting some disks to points. The monodromy on these contracted disks
is purely periodic.

The real oriented blow-up and the Milnor fibration at radius 0

We start by defining the real oriented blow-up of the resolution space along the exceptional
divisors. Here we follow [PS25b, Section 4]. Let pY,Dq Ñ pC2, 0q » pY´1, 0q be the embedded
resolution of our curve singularity. Denote by σi : Y

ro
i Ñ Y the real oriented blow-up of Y along

the submanifold Di Ă Y for i P W constructed as follows. If U Ă Y is a chart with coordinates
u, v such that u “ 0 is an equation for Di X U , then we take a coordinate chart U ro Ă Y ro

i with
coordinates r, α, v P Rě0 ˆ R{2πZ ˆ C, where r and α are polar coordinates for u, that is:

(3.4.1) r “ |u| : U ro Ñ R, α “ argpuq : U ro Ñ R{2πZ.

We can cover Di by such charts in order to define an atlas for Y ro
i . In each of these charts, the

map σi is given by σipr, θ, vq “ preiθ, vq. Denote the fiber product of these maps by

(3.4.2) σ “
ą

iPW
σi : pY ro, Dro

Wq Ñ pY,DWq.

12



The spaces Y ro
i are manifolds with boundary, and the space Y ro is a manifold with corners and,

as a topological manifold, its boundary BY ro coincides with Dro
W .

Notation 3.4.3. The corners of Y ro induce a stratification indexed by the graph Γ as follows.
Set Dro

H “ Y rozDro
W . For i, j P W, we define the following subspaces of BY ro:

Dro,˝
i “ σ´1pD˝

i q, Dro
i “ σ´1pDiq, Dro

i,j “ σ´1pDi X Djq.

Note that σ´1pDiq “ Dro,˝
i .

The Milnor fibration at radius zero is the locally trivial topological fibration given by the
map

argpf roq|BY ro : BY ro Ñ R{2πZ.

Definition 3.4.4. For θ P R{2πZ, we define the Milnor ray at angle θ, as

Tub˚
θ “ argpfq´1pθq Ă Tub˚,

as well as the subsets of Y ro:

(3.4.5)
Y ro
θ “ argpf roq´1pθq, Dro

i,θ “ Y ro
θ X Dro

i ,

Dro,˝
i,θ “ Y ro

θ X Dro,˝
i , Dro

i,j,θ “ Y ro
θ X Dro

i,j .

The invariant A’Campo space

Definition 3.4.6. For i P VΥ, let
σ̂i : pDi Ñ Di

be the real oriented blow-up of Di at intersection points Di XDℓ corresponding to adjacent edges
i Ñ ℓ or ℓ Ñ i in Υ (see fig. 3.4.1).

Notation 3.4.7. If i has a neighbor in ΓzΥ (equivalently if the minimum of hi is 0), denote by
qi,0 P D̂i the unique preimage point σ̂´1

i ptvi “ 0uq.

3.4.8. In order to construct the invariant A’Campo space, we start by defining a possibly singular
Seifert fibration over Di for each i P VΥ. Let

Ainv
i

be the quotient space of Dro
i obtained by collapsing each connected component of Dro

ik,θ to a
point, for each θ P R{2πZ, and for each edge ik in ΓzΥ. Note that each invariant i P V (recall
Definition 2.1.11 can have at most one adjacent edge that is not in Υ. As a result, we have a
Seifert fibration

Πi : A
inv
i Ñ pDi

which has at most one singular fiber

Oi “ Π´1
i pqi,0q.

The function argpfq induces a horizontal fibration

Hi : A
inv
i Ñ R{2πZ.

For each θ P R{2πZ, denote by Ainv
i,θ “ H´1

i pθq the fiber. Then, the restriction of Πi

Πi,θ : A
inv
i,θ Ñ pDi

13



q0,i

D̂i

BjD̂i

Bk1D̂i

qi,1 qi,2

Bk2D̂i Bk3D̂i

j i

k1

k2

k3

Figure 3.4.1: A representation of D̂i corresponding to a vertex i with four neighbor invariant
vertices j, k1, k2 and k3 (with j Ñ i); and one vertex in ΓzΥ (in red). We can also see the two
points of intersection, p1 and p2, of D̂i with the strict transform of the generic polar curve. In
this case hipksq “ s for s “ 1, 2, 3.

is a branched covering of degree mi with branching locus Oi,θ “ Oi X Ainv
i,θ . Denote by

Gi,θ : A
inv
i,θ Ñ Ainv

i,θ

the generator of the Galois group of this cover obtained by following Seifert fibers in the direction
where Hi increases. Then, Ainv

i is the mapping torus (using an interval of length 2π) of Gi,θ for
any θ, and Hi is the usual projection to R{2πZ “ r0, 2πs{0 „ 2π.

For any neighbor k of i in Υ we define BkA
inv
i as the connected component of BAinv

i cor-
responding to the edge ik. Similarly BkA

inv
i,θ is the part of BAinv

i,θ formed by the collection of
gcdpmi,mkq circles that lie in BkA

inv
i .

3.4.9. Let j Ñ i be an edge in Υ. We use the coordinates puj , vjiq on Uji “ Uj X Ũi where
vji “ vj ´ hjpiq “ sjie

iβji and uj “ rje
iαj . We use coordinates prj , αj , sji, βjiq for

U ro
ji “ σ´1pUjiq.

In these coordinates, the boundary component BiA
inv
j (corresponding to the edge ij) has coor-

dinates pαj , βjiq. We also use coordinates pũi, ṽi on Uji “ Uj X Ũi, in this case the induced
coordinates on U ro

ji are pr̃i, α̃i, s̃i, β̃iq.

Now, define the space
Ainv

ji “ r0, 1s ˆ R{2πZ ˆ R{2πZ.

With coordinates t, α, β. The space Ainv
ji is the interpolating piece of the A’Campo space between

the pieces Ainv
j and Ainv

i . We also have a horizontal fibration on this piece

Hji : A
inv
ji Ñ R{2πZ

pt, α, βq ÞÑ πMji ` mjα ` miβ

Recall that by eq. (3.3.8), Mji P Z. Observe that

H´1
ji pθq “

␣

pt, α, βq P Ainv
ji

ˇ

ˇmjα ` miβ “ θ ´ πMji

(
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β̃k “ αi

α̃k “ βik

Gk

Gi

Figure 3.4.2: Suppose that i Ñ k is an edge, and that mi “ 3 and mk “ 2. We see the projection
of Ainv

ik to pR{2πZq2, with coordinates pα̃k, β̃kq “ pβik, αiq. The black subspace is the intersection
with a Milnor fiber, given as a level set of miα̃i ` mkβ̃k. The geometric monodromy Gk maps
a point with coordinates pα̃k, β̃kq to a point with coordinates pα̃k ` 1{3, β̃kq, as indicated by the
red arrow. Simiarly, Gi adds 1{2 to the αi coordinate. If we fix some point x P pR{2πZq2, we
have a segment in txu ˆ r0, 1s Ă Ainv

ik . Projecting the image of this segment by Gik Ñ pR{2πZq2,
we get the green segment in the picture, interpolating between Gi and Gk.

is a collection of mij “ gcdpmi,mjq cylinders. We set Ainv
ji,θ “ H´1

ji pθq. We define also the map

Gji : A
inv
ji Ñ Ainv

ji

pt, α, βq ÞÑ

ˆ

t, α ` 2π
1 ´ t

mj
, β ` 2π

t

mi

˙

.

It follows from construction that Gji|Ainv
ji,θ

has Ainv
ji,θ as its image and so it defines a map

Gji,θ “ Gji|Ainv
ji,θ

: Ainv
ji,θ Ñ Ainv

ji,θ.

We define the gluing maps

BiA
inv
j Ñ t0u ˆ pR{2πZq

2
Ă Ainv

ji

pαj , βjiq ÞÑ p0, αj , βjiq
(3.4.10)

and

BjA
inv
i Ñ t1u ˆ pR{2πZq

2
Ă Ainv

ji

pα̃i, β̃iq ÞÑ p0, β̃i, α̃iq
(3.4.11)

where BiA
inv
j is the connected component of BAinv

j that corresponds to the edge that connects i
with j in Γ.

Definition 3.4.12. We define the invariant A’Campo space as the quotient

Ainv “

¨

˝

ž

iPV
Ainv

i >
ž

jiPepΓq

Ainv
ji

˛

‚{ „
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Ainv
ij,θ

Sθ

GθpSθq

Figure 3.4.3: We see a prong Sθ traversing an interpolating piece Ainv
ij,θ and its image GθpSθq by

the monodromy.

where „ is the equivalence relation established by eqs. (3.4.10) and (3.4.11). It follows from
construction that the maps Hi and Hji glue together to form a map

H : Ainv Ñ R{2πZ.

We denote Ainv
θ “ H´1pθq. Similarly, the maps Gi and Gji glue together to a map

G : Ainv Ñ Ainv.

This map leaves Ainv
θ invariant for each θ P R{2πZ, inducing a monodromy map

Gθ : A
inv
θ Ñ Ainv

θ .

3.5 Description of the flow

Having constructed the invariant A’Campo space Ainv as a fibration H : Ainv Ñ R{2πZ, we now
introduce a dynamical system on this space. We will define a vector field ξinv that is horizontal
with respect to this fibration (i.e., tangent to the fibers Ainv

θ ). The trajectories of this flow will
encode the topology of the Milnor fiber. This vector field coincides with the one defined in
[PS25b] except over the exceptional divisor D0 corresponding to the first blow up.

The flow is first defined on the base spaces D̂i of the Seifert fibrations using a meromorphic
function fi, and then lifted horizontally to the pieces Ainv

i . Finally, we will show how these local
flows glue together to form a global, well-defined vector field ξinv on the entire space Ainv.

Let i P V. Then π˚f vanishes with order mi along Di, and π˚x vanishes with order c0,i along
Di. As a result, we have a meromorphic function on Di, defined by

(3.5.1) fipviq “
π˚f |

c0,i
Ui

π˚x|
mi
Ui

p0, viq.

This function takes finite nonzero values on D˝
i , and has valuation mkc0,i ´ mic0,k at the inter-

section point Di X Dk, for any k P W. In fact, if k P W`
i , then mkc0,i ´ mic0,k “ nik ě 0 by

[PS25b, Lemma 3.4.7], and if we have a vertex j P V such that j Ñ i, then fi has a pole of order
nij at Di X Dj . Denote by di the leading term of this polynomial in the variable vi. Since π˚f
is real by eq. (3.3.4) and π˚x is also real in these coordinates, then di P R. Then

(3.5.2) fipviq “ di
ź

ℓPV`
i

pvi ´ hipℓqqniℓ “ div
nji

i ` l.o.t.

where l.o.t. stands for lower order terms in vi. In the case where i “ 0, there is no j Ñ 0 but
still we have a similar expression

(3.5.3) f0pv0q “ d0
ź

ℓPV`
0

pv0 ´ h0pℓqqniℓ “ d0v
m0
0 ` l.o.t.

16



A vector field on D̂i

Let
ξi “ ´∇ log |fi|

be the logarithmic gradient vector field of |fi| defined on D˝
i . We claim that by eq. (3.5.2) (see

also fig. 3.4.1), the vector field has exactly one zero qi,a lying on the real segment between the
zeroes a and a` 1 for 1 ď a ď maxphi ´ 1q “ pi (recall Definition 2.1.10). Indeed, f 1

i has nij ´ 1
zeroes (one less zero than fi) counted with multiplicity; it has a zero of order niℓ ´ 1 at hipℓq
for each a and it has at least one zero between each hipℓq on the real line because it is a real
polynomial, so the claim follows. We give the same name qi,a to the zeros of pullback vector field
on D̂izBD̂i.

If i has a dead branch attached to it, we denote by qi,0 the point that has coordinate vi “ 0
in this chart.

If i “ 0, we denote by qi,´1 the point that has coordinate ṽ0 “ 0 in Ũ0 X D0.

Notation 3.5.4. We denote by Σi Ă Di the union all the qi,a points defined above. Where we
recall that qi,0 is only there if i has a dead branched attached to it.

We also define the set Σ̂i “ σ̂´1
i pΣiq.

Remark 3.5.5. The functions vi and fi are well defined on Di X Ui. From now on, whenever
it is convenient we denote by the same symbols the pullback functions σ̂˚

i vi and σ̂˚
i fi defined on

D̂i. We consider the vector field

σ̂˚
i ξi “ σ̂˚

i p´∇ log |fi|q

which is well defined on D̂izBD̂i. We are going to rescale this vector field now so that it has a
non-zero extension to the boundary components of D̂i. In order to do so, we consider a function

Ψi : D̂i Ñ R`

which takes only positive values and,

(i) in a collar neighborhood of BkD̂i, takes the value |fi|
1{nik for each neighbor vertex k with

i Ñ k

(ii) in a collar neighborhood of BjD̂i, it takes the value |fi|
´1{nij near BjD̂i where j is the only

neighbor with j Ñ i, if it exists.

(iii) when i “ 0 we add the condition that Ψ0 “ |ṽ0|2 in a neighborhood of 0 P Ũ0 X D0.

(iv) equals the function |vi|
2
´

1´
mik
mi

¯

in a small neighborhood of qi,0 P D̂i where k is the only
adjacent neighbor with hipkq “ 0 in case it exists.

Proposition 3.5.6. The vector field
Ψiσ̂

˚
i ξi

extends to all of D̂i as a vector field ξ̂i, and it points inwards along BjD̂i when j Ñ i and outwards
along BkD̂i for the neighbors k with i Ñ k. Furthermore,

(i) the zero set of ξ̂i is Σ̂i,

(ii) for 1 ď a ď pi, the singularity qi,a is a non degenerate saddle point of the vector field,

(iii) at ṽ0 “ 0 on Ũ0 X D0, the vector field ξ̂0 has a repeller, and

(iv) the trajectories of ξ̂i are tangent to the level sets of the function argpσ̂˚
i fiq or, equivalently,

the level sets of argpσ̂˚
i fiq are disjoint union of trajectories of ξ̂i.
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Proof. Let k be a neighbor with i Ñ k. Near the intersection point Di X Dk we consider the
coordinate vik “ vi ´hipkq. By eq. (3.5.2), the function fi is of the form vnik

ik gpvikq near Di XDk

where gpvikq is a unit. Hence vector field ξi is of the form

(3.5.7) ξi “ ´∇ log |fi| “ ´
nik

Ďvik
´

ḡ1

g

So, in polar coordinates psik, βikq with vik “ sike
iβik , the vector field σ̂˚

i ξi looks like

´

ˆ

niks
´1
ik

0

˙

´ σ˚

ˆ

ḡ1

g

˙

.

That is, its only non-zero coordinate has a pole of order 1 at BkD̂i. Since the function |fi|
1{nik

extends to and vanishes with order 1 at BkD̂i, we find that ξi “ Ψiσ̂
˚
i ξi extends as a non-zero

vector field to BkD̂i. Moreover, since nik ą 0, this vector field points outwards.
If j Ñ i, the argument applies verbatim using the coordinate ṽij instead of vik. The only

difference is that fi has a pole of order nij instead of a zero and so, in the end, the vector field
points inwards. If i “ 0, we recall the expression eq. (3.5.3) and observe that f0 has a pole of
order m0 at infinity and so ξ0 is transverse and points inwards to every sufficiently large circle
centered at 0 in the chart U0.

By construction, the vector field restricted to D̂iz

´

BD̂i Y tqi,0u

¯

vanishes on σ´1
i pΣiq. That

it also vanishes on qi,0 follows from Remark 3.5.5, (iv). This proves (i).

Item (ii), follows from the fact that f 1
ipviq has a simple zero at qi,a and fipqi,aq ‰ 0, so f 1

i
fi

has
a simple saddle point at qi,a.

In order to show (iii), we recall eq. (3.5.3) and so eq. (3.5.7) becomes

ξ0 “ ´∇ log |f0| “
m0

s

rv0
´

ḡ1

g

and so ξ̂0 has the same behavior as the vector field ṽ0 near q0,´1.
The last statement (iv) follows from the expression in eq. (3.5.7) which coincides with ξ̂i in

the interior of D̂i up to a positive scalar. ■

Definition 3.5.8. We denote by ξ̂i the extension to all D̂i of the vector field whose existence is
given by the previous lemma.

Let ℓ P V`
i be an invariant vertex in Υ and let j be the only vertex with j Ñ i. Then, by

construction, the trajectories of the vector field ξ̂i that end at BℓD̂i, start either at BjD̂i or at a
point in Σ̂i. Let

(3.5.9) ∆̂iℓ : BℓD̂i 99K BjD̂i

be the rational map that takes a point q̂ P BℓD̂i to the begining in BjD̂i of the trajectory of ξ̂i
that ends at q̂. Since Σ̂i is finite, this is well defined on an open dense set of BℓD̂i. The following
lemma shows that this map is linear and gives an explicit formula for it.

Lemma 3.5.10. In the situation above, the map ∆̂iℓ is a rational linear map defined on BℓD̂izt0, πu

and, when it is defined, it is given by

∆̂ikpq̂q “ βikpq̂q
nik

nij
` 2π

ÿ

ℓPSik

niℓ

2nij

if 0 ă argpvikpq̂qq ă π, and

∆̂ikpq̂q “ βikpq̂q
nik

nij
´ 2π

ÿ

ℓPSik

niℓ

2nij

if ´π ă argpvikpq̂qq ă 0.
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Proof. The fact that it is rational, is explained in the discussion before the lemma. That it is
well defined on BℓD̂izt0, πu follows from the fact that Σi is on the real axis tImpviq “ 0u and this
real axis is tangent to the flow of ξi (see fig. 5.0.1). Because of Proposition 3.5.6 (iv),

argpσ̂˚
i fiqp∆̂ikpq̂qq “ argpσ̂˚

i fiqpq̂q.

Then, the above formula together with eq. (3.5.2), gives an expression of the form

nijβip∆̂ikpq̂qq ` aπ “ nikβikpq̂q ` bπ.

where, a, b P t0, 1u depending on the signs of the leading coefficients of fi. In particular, it gives
that the rational function is of the form

∆̂iℓpq̂q “ βikpq̂q
nik

nij
` independent term

This proves that the rational function is actually linear. Let’s find the independent term. Assume,
for the moment, that ℓ ą k for all k P V`

i , k ‰ ℓ and let q̂ be such that βiℓpq̂q “ 0. Since ξ̂i is
tangent to the real axis, we have βip∆̂iℓpq̂qq “ 0 as well. Substituting in the above formula, gives
that the independent term, in this case is 0.

Denote by I`
a the points in the circle σ̂i

´1paq where 0 ă βih´1
i paq

ă π. Equivalently, define

I´
a corresponds with the arc where π ă βih´1

i paq
ă 2π. By construction, the intervals ∆̂iℓpI

`

hipkq
q

appear in the order

∆̂iℓpi`1

´

I`
pi`1

¯

, ∆̂iℓpi

`

I`
pi

˘

, . . . , ∆̂iℓ1

`

I`
1

˘

, ∆̂iℓ1

`

I´
1

˘

, . . . , ∆̂iℓpi`1

´

I´
pi`1

¯

The formula follows, since this gives

lim
argpvikpqqqÑ0˘

“ ˘π
ÿ

ℓPSik

niℓ

nij
. ■

Lemma 3.5.11. There exists a smooth vector field ξinvi on Ainv
i which satisfies

(i) it is a lift of the vector field ξ̂i, that is,

DΠipξ
inv
i ppqq “ ξ̂ipΠippqq

for all p P Ainv
i

(ii) It is tangent to the manifolds Ainv
i,θ , that is, it is tangent to the horizontal fibration fibration

defined by Hi, equivalently
DHipξ

inv
i ppqq “ 0

for all p P Ainv
i .

Proof. The horizontal fibration defines a connection on the locally trivial fibration

Πi|Ainv
i zOi

: Ainv
i zOi Ñ D̂iztqi,0u

so ξinvi is determined by items (i) and (ii) on Ainv
i zOi. We define ξinvi to be 0 on Oi. In order to

finish the proof we need to verify that ξinvi is smooth at Oi.
Let k be such that i Ñ k and k lies on the only dead branch of i. Near a point in Oi,θ the

map Πi,θ is of the form w ÞÑ w
mi
mik . We identify tangent vectors to Ainv

i,θ near Oi with complex
numbers via the coordinate w. On another hand, near qi,0 the vector field ξ̂i is of the form

|vi|
2
´

1´
mik
mi

¯
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So, when pulled back by Πi,θ, near a point in Oi,θ takes the form

(3.5.12)
ˆ

mi

mik
w

mi
mik

´1
˙´1

¨

ˆ

|vi|
2
´

1´
mik
mi

¯˙

vi“w
mi
mik

“
mik

mi
w̄

mi
mik

´1
.

See the left hand side of fig. 6.1.1. ■

The previous lemma defines a vector field ξinvi on each piece Ainv
i by pulling back the vector

field ξ̂i by the functions Ainv
i,θ Ñ D̂i. We denote by ξinvi,θ the restriction ξinvi |Ainv

i,θ
. We define vector

fields ξinvji on Ainv
ji by

(3.5.13) ξ̂ji “

¨

˝

1
0
0

˛

‚“ Bt

Definition 3.5.14. Using [Mil65, Theorem 1.4] together with Proposition 3.5.6 and eq. (3.5.13),
we can endow the topological manifold Ainv with a C8 structure (see also [PS25b, Section 12.3]).
This C8 structure is the unique one such that the vector fields ξinvi and ξinvji glue to a smooth a
vector field defined on all Ainv. We denote this vector field by

ξinv.

Moreover, since this vector field is tangent to Ainv
θ , we define

ξinvθ “ ξinv|Ainv
θ
.

We define the sets Σinv
i “ Π´1pΣ̂iq and Σinv

i,θ “ Π´1
θ pΣ̂iq.

The following lemma follows from the construction of the vector field ξinv, the definition of
the Σi sets and Lemma 3.5.11

Lemma 3.5.15. The zero set of ξinv is Σinv “
Ť

iPΥΣinv
i . The zero set of ξinvθ is Σinv

θ “
Ť

iPΥΣinv
i,θ . Furthermore

(i) over each qi,a with 1 ď a ď pi, the vector field ξinv has mi singularities which are saddle
points.

(ii) over each qi,0 (when it exists) the vector field ξinv has mik singularities which are mi{mik-
pronged singularities. Where i Ñ k and k is the only child of i which lies on a dead branch.

Proof. Item (i) follows from the fact that, over qi,a, the vector field ξinv is a lift via a local
diffeomorphism of ξ̂i, and Proposition 3.5.6(ii). Item (ii) follows from eq. (3.5.12). ■

4 The spine

We now define the central object for our combinatorial analysis: the invariant spine Sinv
θ . This

spine is very similar to the one defined in [PS25b, Section 12]: it differs from that one on its
definition on the points that lie over Dro

0,θ. This spine is the 1-dimensional CW-complex formed
by the union of all stable manifolds of the singularities (critical points) of the flow ξinvθ .

Notation 4.0.1. Let q P Ainv
θ . We denote by

γq : Jq Ñ Ainv
θ

the only trajectory of ξinvθ that passes through q with γqp0q “ q and Jq “ pJ´
q , J`

q q Ă R the
maximal interval of definition. We define the points ω`pqq and ω´pqq.

ω˘pqq “ lim
tÑI˘

q

γqptq.
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qi,0

D̂i

P`
i,1

P´
i,1 P´

i,2

P`
i,2

qi,1 qi,2

Figure 5.0.1: We see D̂i with the stable manifolds (in blue) associated with the polar points qi,1
and qi,2 and the point qi,0. In green we see the corresponding unstable manifolds. The black
arrows indicate the orientations that prongs take to induce the correct orientation on the chains
of C1,θ.

Definition 4.0.2. Let q P Σinv
θ we denote by Sinv

q,θ the union of all the stable manifolds of the
singularity q. Since there are no sinks, we find that the set

Sinv
θ “

ď

qPΣinv
θ

Sinv
q,θ

is a finite 1-dimensional CW-complex. We call it the relative invariant spine.

5 Dynamics of the vector field

Recall that by Proposition 3.5.6 (ii) at the points tqi,au1ďaďpi the vector field ξ̂i has saddle points
and that qi,a P pa, a ` 1q. On Dro,˝

i Ă Ainv
i in the real oriented blow up, we have coordinates

pαi, si, βiq. For each θ P R{2πZ, over each qi,a there lie mi points on Dro,˝
i,θ Ă Ainv

i,θ .

Coordinates of the prongs

Similarly as we did in eq. (3.5.9) we now define a map between boundary components of excep-
tional divisors in the real oriented blow up.

Definition 5.0.1. Consider an invariant edge i Ñ k, that is with i, k P VΥ and k P V`
i . Let

q P Dro
ik with coordinates pαipqq, βikpqqq P pR{2πZq

2 and with βik R t0, πu. Take the unique
trajectory of the vector field ξinv that passes through q. If q lies in Ainv

i,θ , then so does this
trajectory (because ξinvi restricts to a tangent vector field ξinvi,θ on Ainv

i,θ ). If we follow this trajectory
backwards, the next separating torus it passes through is precisely Dro

ij with j Ñ i. Let ∆pqq be
this intersection point. This defines a rational map

(5.0.2) ∆ik : Dro
ik 99K Dro

ij
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that furthermore preserves the angle θ by construction. This map actually lifts the map ∆̂ik

from eq. (3.5.9).

Using the formula from Lemma 3.5.10 we get the following lemma.

Lemma 5.0.3. Let q P Dro
ik with i Ñ k. Then, the trajectory of ξinv that passes through q,

intersects Dro
ij with j Ñ i in the point ∆pqq satisfying the following:

If 0 ă βik ă π, then

αip∆pqqq “ αipqq ` 2π

˜

ÿ

ℓPSik

ˆ

mℓ

2mi
`

ˆ

mj

mi
´ bi

˙

niℓ

2nij

˙

`
βikpqq

π

ˆ

mk

2mi
`

ˆ

mj

mi
´ bi

˙

nik

2nij

˙

¸

If π ă βik ă 2π, then

αip∆pqqq “ αipqq`2π

˜

´
ÿ

ℓPSik

ˆ

mℓ

2mi
`

ˆ

mj

mi
´ bi

˙

niℓ

2nij

˙

`
βikpqq ´ π

π

ˆ

mk

2mi
`

ˆ

mj

mi
´ bi

˙

nik

2nij

˙

¸

If i “ 0 we have no vertex j with j Ñ i but we can define α0p∆pqqq by the same formulae,
substituting nij by m0.

Proof. Let q P Dro
ik be a point on the boundary component of Ainv

i corresponding to the intersec-
tion Di X Dk. Let ∆pqq P Dro

ij be the point on the boundary component Di X Dj (where j Ñ i)
reached by following the trajectory of ξinv from q.

The trajectory connecting q and ∆paq is a lift of a trajectory γ̂ of ξ̂i on D̂i, which connects
q̂ “ Πipqq to ∆̂pq̂q “ Πip∆pqqq. This trajectory γ̂ must lie on a level set of argpfiq, where fi is
the meromorphic function on Di from eq. (3.5.1). The lifted trajectory γ on Ainv

i lies on a fiber
of the horizontal fibration Hi, defined by θ “ argpπ˚fq.

Let gipviq “ π˚f |Ui{u
mi
i be the holomorphic function on Di X Ui defined in eq. (3.3.2):

(5.0.4) gipviq “ aij
ź

ℓPV`
i

pvi ´ hipℓqqmℓ .

In the Ui chart we have ui “ rie
iαi , so the level set is defined by

θ “ argpπ˚fq “ miαi ` argpgipviqq.

This means that as we flow along the trajectory, the change in the coordinate αi is determined
by the change of argpgipviqq:

miαip∆pqqq ´ miαipqq “ argpgipvipqqqq ´ argpgipvip∆pqqqqq.

The change we want to compute is αip∆pqqq ´ αipqq. From the coordinate change of eq. (3.1.1),
we have ũi “ uiv

bi
i , which implies α̃i “ αi ` biβi, where βi “ argpviq. The change in αi (in the

coordinates of the Ui chart) from q to ∆pqq is

(5.0.5) αip∆pqqq ´ αipqq “
1

mi

´

argpgipq̂qq ´ argpgip∆̂pq̂qqq

¯

.

Let βikpq̂q “ argpvi ´ hipkqq and βip∆̂pq̂qq “ argpviq.
We treat the rest of the proof by cases:
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Case 1: q is in the “upper half” (0 ă βikpq̂q ă π).

❀ At q̂: as vi Ñ hipkq along the trajectory converging to q̂, eq. (5.0.4) gives

argpgipviqq Ñ argpaijq ` mkβikpq̂q ` π
ÿ

ℓPSik

mℓ pmod 2πq.

❀ At ∆̂pq̂q, that is, v Ñ 8 along the same trajectory, the constants hipℓq are negligible and
we find

gipviq « aijv
ř

mℓ

i “ aijv
mibi´mj

i ,

where the sum in the exponent runs through ℓ P V`
i , and we use the relation

´bimi `
ÿ

ℓPVi

mi “ 0, Vi “ V`
i > tju.

As a result,
argpgipviqq Ñ argpaijq ` pmibi ´ mjqβip∆̂pq̂qq pmod 2πq.

Substituting these into the formula for αip∆pqqq ´ αipqq, we find:

αip∆pqqq ´ αipqq “
1

mi

˜

mkβikpqq ` π
ÿ

ℓPSik

mℓ ´ pmibi ´ mjqβip∆pqqq

¸

“
mkβikpqq

mi
`

π
ř

ℓPSik
mℓ

mi
`

ˆ

mj

mi
´ bi

˙

βip∆pqqq

From Lemma 3.5.10, we have

βip∆pqqq “
nik

nij
βikpqq `

π

nij

ÿ

ℓPSik

niℓ.

Substituting this expression for βi in the expression obtained before (with βik “ βikp∆pqqq:

αip∆pqqq ´ αipqq “
mkβik
mi

`
π
ř

Sik
mℓ

mi
`

ˆ

mj

mi
´ bi

˙

˜

nik

nij
βik `

π

nij

ÿ

Sik

niℓ

¸

“ βik

ˆ

mk

mi
`

ˆ

mj

mi
´ bi

˙

nik

nij

˙

` π

ˆ

ř

Sik
mℓ

mi
`

ˆ

mj

mi
´ bi

˙

ř

Sik
niℓ

nij

˙

Rewriting this by factoring out 2π:

“ 2π

«

ÿ

ℓPSik

ˆ

mℓ

2mi
`

ˆ

mj

mi
´ bi

˙

niℓ

2nij

˙

`
βik
π

ˆ

mk

2mi
`

ˆ

mj

mi
´ bi

˙

nik

2nij

˙

ff

This matches the first formula in the lemma.

Case 2: q is in the “lower half” (π ă βikpq̂q ă 2π). This case follows similarly, using the
case ´π ă argpvikq ă 0 in Lemma 3.5.10.

The case i “ 0 follows by setting j “ ´1 (the virtual ancestor vertex corresponding to C2),
mj “ m´1 “ 0, and noting that the pole order nij “ n0,´1 of f0 at 8 is m0. ■

5.1 Generic angles

Definition 5.1.1. We say that θ P R{2πZ is a generic angle for f if there is no trajectory in
Ainv

θ connecting two singularities of ξinvθ whose stable set has dimension one. Otherwise, we say
that θ is nongeneric.

We denote the set of non-generic angles by Θng Ă R{2πZ.
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5.2 The set of non-generic angles

In this section, we prove that the set of angles θ for which the topology of the Milnor fiber varies
is finite. The following number is a classical invariant and its name is due to [TMW01].

Definition 5.2.1. For any vertex i of the resolution graph Γ, its associated Hironaka number is

hi “
mi

c0,i
.

If a is an arrowhead vertex in Γ, then we set ha “ `8, and h´1
a “ 0.

Theorem 5.2.2. The set of non-generic angles Θng Ă R{2πZ is finite.

Proof. By Definition 5.1.1, an angle θ is non-generic if and only if there exists a trajectory γ of
the vector field ξinvθ inside the fiber Ainv

θ connecting two singularities p, q P Σinv
θ such that:

(i) limtÑ`8 γptq “ q, where q is a singularity with dimpW spqqq “ 1 (a saddle or a multipronged
saddle point).

(ii) limtÑ´8 γptq “ p, where p is a singularity with dimpW uppqq “ 1 (a saddle or a multipronged
saddle point).

Since Σinv
θ is a finite set, it suffices to prove that for any fixed pair of vertices u, v P V (not

necessarily distinct) and any pair of specific separatrices associated with singularities in Ainv
u and

Ainv
v , the set of angles θ allowing a connection is finite.

Recall from eq. (3.5.1) that on each divisor Di, the geometry of the vector field ξ̂i is determined
by the meromorphic function:

fi “
pπ˚fqc0,i

pπ˚xqmi
.

By Proposition 3.5.6 (iv), the trajectories of ξ̂i are contained in the level sets of argpfiq. Since
ξinvθ is a lift of ξ̂i (via the local diffeomorphism Πi,θ away from singular fibers), the function
argpfiq is constant along any trajectory γ lying within the piece Ainv

i,θ .
The fiber Ainv

θ is globally defined by the condition argpπ˚fq “ θ. We substitute this into the
expression for the argument of fi:

argpfiq ” c0,i argpπ˚fq ´ mi argpπ˚xq ” c0,iθ ´ mi argpπ˚xq pmod 2πq.

We can express argpπ˚xq in terms of θ and a local invariants of each vertex. Let hi “ mi{c0,i be
the Hironaka number of the divisor Di (see Definition 5.2.1). We have:

(5.2.3) argpπ˚xq ”
c0,i
mi

θ ´
1

mi
argpfiq ”

1

hi
θ ´

1

mi
argpfiq pmod 2πq.

Let γ be a trajectory connecting p P Ainv
u,θ to q P Ainv

v,θ .

❀ Near q, the trajectory coincides with a specific stable separatrix of q. Let Kq P r0, 2πq be
the constant value of argpfvq along this separatrix. This constant Kq is is the argument of
fv evaluated at the saddle point or multipronged point. Thus, along the stable part of γ:

argpπ˚xq ”
1

hv
θ ´

Kq

mv
pmod 2πq.

❀ Near p, the trajectory coincides with an unstable separatrix of p. Let Kp P r0, 2πq be the
constant value of argpfuq along this separatrix. Similarly, along the unstable part of γ:

argpπ˚xq ”
1

hu
θ ´

Kp

mu
pmod 2πq.
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Since argpπ˚xq is a global function on the ambient space (and the chart gluing maps respect
this coordinate), for the unstable manifold of p to connect to the stable manifold of q, their
values of argpπ˚xq must coincide. This yields the linear equation:

1

hv
θ ´

Kq

mv
”

1

hu
θ ´

Kp

mu
pmod 2πq.

Rearranging terms:

(5.2.4) θ

ˆ

1

hv
´

1

hu

˙

”
Kq

mv
´

Kp

mu
pmod 2πq.

We claim that if u ‰ v are distinct vertices involved in a saddle connection, the coefficient
Λuv “ 1

hv
´ 1

hu
is generically non-zero. Using the definition of Hironaka numbers:

Λuv “
c0,v
mv

´
c0,u
mu

“
muc0,v ´ mvc0,u

mumv
.

In the resolution graph of a plane curve singularity, the quantity nuv “ muc0,v´mvc0,u is non-zero
for any pair of vertices connected by a path in the tree (this relates to the strict monotonicity
of the function m{c0 along geodesics from the root). If u “ v, then the equation becomes
0 ” Kq{mv ´ Kp{mv pmod 2πq. In this case we just verify that our model does not yield any
saddle connections.

Since Λuv ‰ 0, eq. (5.2.4) has a finite number of solutions for θ in r0, 2πq. As the number of
pairs of singular points and separatrices is finite, the total set Θng is finite. ■

6 Algebraic monodromy and variation

In this section, we construct a finite-dimensional chain complex pCθ, dθq that computes the
homology of the Milnor fiber. The relative invariant spine has a natural structure of CW-
complex and the chain complex that we define in this section is a sub-complex of that one which
carries the same homological information but yields computational advantages. The generators
of the first level of this complex C1,θ will be unions of pairs of trajectories converging to the
singularities of ξinvθ . The generators of C0,θ are the repellers of the vector field in Ainv

0,θ . We will
also define a dual complex C_

θ generated by the unstable manifolds.
We will show that these complexes are quasi-isomorphic to the singular chain complexes

of Ainv
θ (absolute and relative, respectively). This construction provides a concrete algebraic

framework on which the monodromy and variation operators can be represented as matrices.

6.1 A chain complex

Fix a vertex i P VΥ and a non-generic angle θ.

Chains for saddle points

Choose a saddle point qi,a P D̂i. Let qi,a,θr1s be the point in Π´1
i,θ pqi,aq whose α coordinate in

r0, 2πq is closest to 0. Let
qi,a,θr2s, . . . , qi,a,θrmis

be the other mi ´ 1 points labeled according to the orientation of Π´1
i pqi,aq. Equivalently, the

points are labaled so that

αi pqi,a,θrbsq P

„

2πpb ´ 1q

mi
,
2πb

mi

˙

` 2πZ for all a P t1, . . . , piu and all b P t1, . . . ,miu.
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By Lemma 3.5.15, the vector field ξinv has saddle points at qi,a,θrbs. We denote by

Si,a,θrbs “ pω`q´1pqi,a,θrbsq

the closure of the stable manifold of ξinv at qi,a,θrbs. This stable manifold is naturally partioned
intro three sets

Si,a,θrbs “ P`
i,a,θrbs Y tqi,a,θrbsu Y P´

i,a,θrbs

where P`
i,a,θrbs is the preimage by Πi,θ of the stable manifold P`

i,a of ξ̂i at qi,a that lies on the
upper half plane; and P´

i,a,θrbsq the preimage of the stable manifold P´
i,a that lies on the lower

half plane (See fig. 5.0.1). We orient Si,a,θrbs so that P´
i,a,θrbs keeps its orientation induced by

the flow of the vector field and P`
i,a,θrbs inverts it. See fig. 5.0.1 for a drawing representing these

orientations. Similarly, we denote by

Ui,a,θrbs “ pω´q´1pqi,a,θrbsq

the unstable manifold of ξinv at that same point. We orient Ui,a,θrbs in such a way that near the
point qi,a,θrbs, the restriction of Πi,θ to the preimage of the real axis in D̂i reverses orientation.
Similary as we have done for the stable manifolds, we observe that the unstable manifold is
partioned as

Ui,a,θrbs “ R`
i,a,θrbs Y tqi,a,θrbsu Y R´

i,a,θrbs

where R`
i,a,θrbs is the preimage by Πi,θ of the stable manifold R`

i,a of ξ̂i at qi,a that lies to the
right of qi,a on the real axis and R´

i,a,θrbs is the other one.
If each prong (stable or unstable) is oriented by the flow of ξ̂i, we orient the stable and

unstable manifolds like

Si,a,θrbs “ P´
i,a,θrbs ´ P`

i,a,θrbs

Ui,a,θrbs “ R´
i,a,θrbs ´ R`

i,a,θrbs

These orientations are chosen so that the signed intersection xSi,a,θrbs, Ui,a,θrbsy “ `1 is positive.

Chains for multipronged singularities

Next, assume that i has a neighbor k P VzVΥ. Note that there can be at most one such k. We
label the mik preimages of qi,0 on Ainv

θ , by

qi,0,θrcs, with c P Z{mikZ.

At these points, the vector field ξinv has mi{mik-pronged singularities where each of the prongs
lies in a trajectory of ξinv converging to some qi,0,θrcs. We label these prongs in a similar way as
we labeled the points qi,a,θrbs. More concretely, let q´

i,0 P R´ be a point in D̂i very close to qi,0.
Using the same criterion as above, we obtain points

q´
i,0,θr1s, . . . , q´

i,0,θrmis

each lying in a different prong. Let
Pi,0,θrbs

be the prong where the point q´
i,0,θrbs lies. Observe that Pi,0,θrbs is a prong of the singularity

qi,0,θrbmodmiks. Finally we define the chains

(6.1.1) Si,0,θrbs “ Pi,0,θrbs Y Pi,0,θrb1s Y tqi,0,θrbmodmiksu, 1 ď b ď mi ´ mik
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qi,0

D̂i

Πi,θAinv
i,θ

Figure 6.1.1: On the left we see the preimage on Ainv
i,θ of a neighborhood of the point qi,0 P D̂i

by Πi,θ.

where b1 is the largest element of t1, 2, . . . ,miu which is congruent to b modulo mik. The prongs
Pi,0,θrbs are oriented, since they are trajectories. We orient the cycle eq. (6.1.1) in such a way
that Pi,0,θrbs has this orientation, and Pi,0,θrb1s has the opposite orientation.

For each b, with 1 ď b ď mi ´ mik, we also define a dual cycle to Si,0,θrbs as follows. Let R
and R1 be the two outgoing prongs adjacent to the incoming prong Pi,0,θrbs, as in fig. 6.1.1. Here,
R is on the right of Pi,0,θrbs, and R1 is on the left. Orient R as incoming, and R1 as outgoing.
We then set

Ui,0,θrbs “ R Y R1 Y tqi,0,θrbmodmiksu

As in the saddle point case, these orientations are chosen so that the signed intersection
xSi,0,θrbs, Ui,0,θrbsy “ `1 is positive.

Let q0,´1 P D̂0 be the unique repeller of ξ̂0 as in Proposition 3.5.6, (iii). For any θ P R{2πZ,
the point q0,´1 has precisely e “ m0 preimages in Ainv

0,θ . Call them q0,´1,θr1s, . . . , q0,´1,θres, in
such a way that for b “ 1, . . . , e, we have

α̃pq0,´1,θrbsq P

„

pb ´ 1q2π

e
,
b2π

e

˙

.

For 1 ď b ď e, we set

S0,0,θrbs “ tq0,´1,θrbsu “ pω`q´1pq0,´1,θrbsq,

U0,0,θrbs “ pω´q´1pq0,´1,θrbsq.

Note that S0,0,θrbs is just a point and U0,0,θrbs is a topological disk since q0,´1,θrbs is a fountain
of ξinvθ .

Definition 6.1.2. Let i P VΥ. If 1 ď a ď pi, set

C1,i,a,θ “ Z xSi,a,θrbs | 1 ď b ď miy ,

C_
1,i,a,θ “ Z xUi,a,θrbs | 1 ď b ď miy ,

as well as

C1,i,0,θ “ Z xSi,0,θrbs | 1 ď b ď mi ´ miky

C1,i,0,θ “ Z xUi,0,θrbs | 1 ď b ď mi ´ miky
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in case i has a neighbor k P VΓzVΥ, otherwise we define C1,i,0,θ and C_
1,i,0,θ to be trivial Z-modules.

We define

C1,i,θ “

pi
à

a“0

C1,i,a,θ, C1,θ “
à

iPVΥ

C1,i,θ

C_
1,i,θ “

pi
à

a“0

C_
1,i,a,θ, C_

1,θ “
à

iPVΥ

C_
1,i,θ.

6.1.3. Let
I1 Ă VΥ ˆ Z ˆ Z

be defined by pi, a, bq P I1 if and only if S1,i,a,θrbs P C1,θ. By Lemma 2.1.7, the set VΥ is totally
ordered so the set VΥ ˆZď0 ˆZď1 has a lexicographic order which induces a lexicographic order
on I1. Similarly, we define

I1,i “ tiu ˆ Z ˆ Z X I1 Ă I1

and
I1,i,a “ tiu ˆ tau ˆ Z X I1 Ă I1,i

We define also

C0,θ “ Z xS0,0,θr1s, . . . , S0,0,θresy

C_
2,θ, “ Z xU0,0,θr1s, . . . , U0,0,θresy .

Finally, if j ‰ 0, 1, then let Cj,θ be the trivial Z-module. Similarly, if j ‰ 1, 2, then let C_
j,θ be

the trivial Z-module. We then have graded Z-modules

Cθ “
à

jPZ
Cj,θ, C_

θ “
à

jPZ
C_
j,θ.

These graded modules are naturally seen as submodules of the singular chain complex of Ainv
θ ,

and the sinugular chain complex of Ainv
θ relative to BAinv

θ , respectively, that is

(6.1.4) Cθ Ă CpAinv
θ ;Zq, C_

θ Ă CpAinv
θ , BAinv

θ ;Zq.

These are, in fact, subcomplexes, that is, they are invariant under the differential. Denote the
restrictions by

dj,θ : Cj,θ Ñ Cj´1,θ, d_
j,θ : C

_
j,θ Ñ C_

j´1,θ.

There is a natural pairing between the two complexes Cθ and C_
θ , by requiring the bases described

above to be dual bases. This means that we consider as an identification the isomorphism

C_
j,θ Ñ HompC2´j,θ,Zq

whose image of Ui,a,θrbs is dual to Si,a,θrbs, and so on.

6.1.5. The inclusions eq. (6.1.4) are quasiisomorphisms. As a result, the homology groups of
Cθ and C_

θ are naturally isomorphic to the absolute and relative homology groups of Ainv
θ .

Furthermore, the restriction of the pairing

x¨, ¨y : Cθ ˆ C_
θ Ñ Z

between Cθ and C_
θ to cycles coincides with the natural pairing between cycles in ZjpA

inv;Zq

and relative cycles in Z2´jpA
inv, BAinv;Zq.
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6.2 The action on the chain complex

Having built the chain complex pCθ, dθq in the previous section, we are now in a position to
compute the algebraic monodromy. The geometric monodromy Gθ : Ainv

θ Ñ Ainv
θ (defined in

Definition 3.4.12) is a diffeomorphism that permutes the trajectories of the flow ξinv in the
periodic pieces and interpolates between them in the connecting annuli.

In this section, we compute the matrix Bθ of this action with respect to the basis of chains
tSi,a,θrbsu defined previously. This matrix Bθ is the algebraic representation of the monodromy
operator pGθq˚ acting on the defined CW-complex of the fiber.

Action on C0,θ

We define B0,θ : C0,θ Ñ C0,θ as the permutation matrix
¨

˚

˚

˚

˚

˚

˝

0 0 0 ¨ ¨ ¨ 1
1 0 0 ¨ ¨ ¨ 0
0 1 0 ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‚

of size e “ m0.

Action on C1,θ

We define the matrix B1,θ acting on the chain complex as

B1,θ “
`

xGθpSi,a,θrbsq, Ui1,a1,θrbsy
˘

pi,a,bq,pi1,a1,b1qPI1
.

Here the intersection number is taken viewing Ui1,a1,θrbs as a relative cycle in Ainv
θ relative to

BAinv
θ , and GθpSi,a,θrbsq as a cycle in Ainv

θ relative to the set of points q0,´1,θr1s, . . . , q0,´1,θres.
We also recall that I1 (6.1.3) is a totally ordered index set. Equivalently, B1,θ is the linear
operator B1,θ : C1,θ Ñ C1,θ defined by

(6.2.1) B1,θpSi,a,θrbsq “
ÿ

pi1,a1,b1qPI1

xGθpSi,a,θrbsq, Ui1,a1,θrb1sySi1,a1,θrb1s.

We also give a name to some blocks of the matrix:

B1,i,θ “
`

xGθpSi,a,θrbsq, Ui1,a1,θrb1sy
˘

pi,a,bq,pi1,a1,b1qPI1,i

and
B1,i,a,θ “

`

xGθpSi,a,θrbsq, Ui1,a1,θrb1sy
˘

pi,a,bq,pi1,a1,b1qPI1,i,a

Next, we show the form that some of these blocks take.

Lemma 6.2.2. The matrix B1,θ is block upper triangular, with block diagonal entries the sub-
matrices B1,i,a,θ.

If a ‰ 0, the matrix B1,i,a,θ is the mi ˆ mi permutation matrix

B1,i,a,θ “

¨

˚

˚

˚

˚

˚

˝

0 0 0 ¨ ¨ ¨ 1
1 0 0 ¨ ¨ ¨ 0
0 1 0 ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 0 ¨ ¨ ¨ 0

˛

‹

‹

‹

‹

‹

‚
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which is the companion matrix to the polynomial tmi ´ 1.
If a “ 0, the matrix B1,i,0,θ is the pmi ´ mikq ˆ pmi ´ mikq matrix of the form

B1,i,0,θ “

¨

˚

˚

˚

˚

˚

˝

´cmi´mik´1 ´cmi´mik´2 ¨ ¨ ¨ ´c1 ´c0
1 0 ¨ ¨ ¨ 0 0
0 1 ¨ ¨ ¨ 0 0
...

...
. . .

...
...

0 0 ¨ ¨ ¨ 1 0

˛

‹

‹

‹

‹

‹

‚

which is the inverse transpose of the companion matrix to the polynomial

tmi ´ 1

tmik ´ 1
“

mi´mik
ÿ

ℓ“0

cℓt
ℓ “ tmi´mik ` tmi´2mik ` tmi´3mik ` ¨ ¨ ¨ ` 1.

Furthermore, the matrix B1,i,θ is the diagonal block matrix

B1,i,θ “
à

a

B1,i,a,θ

Proof. For the first statement on the block upper triangular structure of B1,θ, first consider two
distinct vertices i, k in Γ. The chain Si,a,θrbs, as well as its image by Gθ is contained in the pieces

Ainv
ℓ0 , Ainv

ℓ0,ℓ1 , A
inv
ℓ1 . . . , Ainv

ℓs´1,ℓsA
inv
ℓs

where 0 “ ℓ0 Ñ ℓ1 Ñ . . . Ñ ℓs “ i is the geodesic in Γ between 0 and i. Similarly, both prongs in
Uk,c,θrds are contained in unions of pieces corresponding to directed geodesics in Γ starting at k.
As a result, these cycles are disjoint, unless there is a directed geodesic starting at i and ending
at k. Thus, the matrix B1,θ is block upper triangular with diagonal blocks the matrices B1,i,θ.
We will see below that these are block diagonal matrices with diagonal blocks B1,i,a,θ, proving
the first statement.

This proof proceeds by analyzing the three statements of the lemma. The central element is
the action of the monodromy map Gθ : A

inv
θ Ñ Ainv

θ on the chain complex C1,θ.

Proof of B1,i,θ “
À

aB1,i,a,θ The intersection pairing x¨, ¨y between a chain in Ainv
i and a chain

in Ainv
i1 is zero unless i “ i1. This implies B1,θ is block-diagonal with respect to the vertex index

i, i.e., B1,θ “
À

iB1,i,θ.
Furthermore, within Ainv

i , the map Gθ|Ainv
i

“ Gi,θ is the generator of the Galois group of the

cover Πi,θ : A
inv
i,θ Ñ pDi. The map Gθ permutes the points of the finite fiber over any point q̂ P pDi.

The chains Si,a,θrbs are stable manifolds of the singularities qi,a,θrbs. The chain Ui,a1,θrb1s is the
unstable manifold of a singularity qi,a1,θrb1s in the fiber over qi,a1 P pDi. Thus, GθpSi,a,θrbsq is a
chain that contains a point in the fiber over qi,a and similarly for the (relative) chain Ui,a1,θrb1s.
Since Gθ sends trajectories to trajectories and singularities to singularities within the pieces Ainv

i,θ ,
and since the sequences of vertices by which Ui,a1,θrb1s passes and by which Si,a,θrbs passes only
concide at i, we deduce that the intersection pairing

xGθpSi,a,θrbsq, Ui,a1,θrb1sy

can only be non-zero if their corresponding singularity lies over the same singularity of ξ̂ in D̂i,
which requires a “ a1. Therefore, the matrix B1,i,θ is itself block-diagonal with respect to the
index a, proving the third statement of the lemma.
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Proof for a ‰ 0 (Saddle points) We now compute the block B1,i,a,θ for a ‰ 0. The relevant
elements for this block are tSi,a,θrbsumi

b“1, and their corresponding duals are tUi,a,θrbsumi
b“1. The

singularities tqi,a,θrbsumi
b“1 are the mi saddle points which are preimages of the saddle point

qi,a P D̂i of ξ̂. They are explicitly labeled by their α coordinates such that:

αi pqi,a,θrbsq P

„

2πpb ´ 1q

mi
,
2πb

mi

˙

` 2πZ.

The monodromy map Gθ “ Gi,θ is the generator of this mi-sheeted cyclic cover. Its action on
the fiber corresponds to adding 2π

mi
to the αi-coordinate. This action permutes cyclically the

labeled points.
In particular, the action on the points is Gθpqi,a,θrbsq “ qi,a,θrb ` 1s (for b ă mi) and

Gθpqi,a,θrmisq “ qi,a,θr1s. By definition, Gθ maps the stable manifold of a point to the sta-
ble manifold of its image within the piece Ainv

i,θ :

❀ GθpSi,a,θrbsq X Ainv
i,θ “ Si,a,θrb ` 1s X Ainv

i,θ , for b “ 1, . . . ,mi ´ 1.

❀ GθpSi,a,θrmisq X Ainv
i,θ “ Si,a,θr1s X Ainv

i,θ .

The entries of the matrix B1,i,a,θ are pBqb1,b “ xGθpSi,a,θrbsq, Ui,a,θrb1sy.

❀ For a column b ă mi: The entry is xSi,a,θrb ` 1s, Ui,a,θrb1sy “ δb`1,b1 . This gives a 1 in row
b ` 1 and 0s elsewhere.

❀ For the column b “ mi: The entry is xSi,a,θr1s, Ui,a,θrb1sy “ δ1,b1 . This gives a 1 in row 1
and 0s elsewhere.

The resulting matrix is:

B1,i,a,θ “

¨

˚

˚

˚

˚

˚

˝

0 0 0 ¨ ¨ ¨ 0 1
1 0 0 ¨ ¨ ¨ 0 0
0 1 0 ¨ ¨ ¨ 0 0
...

...
...

. . .
...

...
0 0 0 ¨ ¨ ¨ 1 0

˛

‹

‹

‹

‹

‹

‚

This is the companion matrix for the polynomial pptq “ tmi ´ 1. For this polynomial, n “

mi, c0 “ ´1, and c1 “ . . . “ cmi´1 “ 0. The last column of the companion matrix is
p´c0,´c1, . . . ,´cmi´1qT “ p1, 0, . . . , 0qT . This matches our computed matrix (the 1 is in the
first row, last column).

Proof for a “ 0 (Multipronged singularities) For a “ 0, we consider the block B1,i,0,θ. Let
t be the variable representing the action of the monodromy Gθ. We first establish the structure
of C1,i,0,θ as a Zrts-module.

The map Πi,θ : Ainv
i,θ Ñ pDi is an mi-sheeted cyclic cover. Let q̂ be a point in D̂i on the

trajectory of ξ̂i escaping fromqi.0 (on the positive axis) . Let Cfiberpq̂q denote the free Z-module
on the fiber Π´1

i,θ pq̂q.

❀ The fiber over q̂ has mi points. The module of unstable prongs Cuprongs :“ Cfiberpq̂q is
isomorphic to Zrts{ptmi ´ 1q as a Zrts-module.

❀ For the singular point qi,0 itself, the fiber has mik points. The module Cpoints :“ Cfiberpqi,0q

is isomorphic to Zrts{ptmik ´ 1q.

There is a natural map ϕ : Cuprongs Ñ Cpoints that sends each prong to the singular point it
converges to. This map is a surjective Zrts-module homomorphism. The module C1,i,0,θ is, by
its construction from the prongs in eq. (6.1.1), precisely the kernel of this map, kerpϕq.
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We have a short exact sequence of Zrts-modules:

0 Ñ C_
1,i,0,θ Ñ Cuprongs

ϕ
ÝÑ Cpoints Ñ 0

Using the module isomorphisms, this becomes:

0 Ñ kerpϕq Ñ Zrts{ptmi ´ 1q
ϕ
ÝÑ Zrts{ptmik ´ 1q Ñ 0

The kernel of the canonical projection ϕ is the ideal generated by ptmik ´ 1q inside the ring
Zrts{ptmi ´ 1q. We thus have

C_
1,i,0,θ – kerpϕq “

ptmik ´ 1q

ptmi ´ 1q
Ă

Zrts

ptmi ´ 1q
.

This kernel is a cyclic module generated by the element g “ ptmik ´ 1q. By the isomorphism
theorem, this module is isomorphic to Zrts{Annpgq, where Annpgq is the annihilator ideal of g
in Zrts. A polynomial P ptq P Zrts is in Annpgq if P ptq ¨ g “ 0 in the module Zrts{ptmi ´ 1q. This
means

P ptq ¨ ptmik ´ 1q is a multiple of ptmi ´ 1q in Zrts.

Let Qptq “ ptmi ´1q{ptmik ´1q. Since mik divides mi, Qptq is a polynomial in Zrts. The condition
becomes:

P ptq ¨ ptmik ´ 1q “ Rptq ¨ Qptq ¨ ptmik ´ 1q for some Rptq P Zrts.

This implies P ptq must be a multiple of Qptq. The annihilator ideal is therefore Annpgq “ pQptqq.
We have thus shown:

C_
1,i,0,θ – Zrts{pQptqq, where Qptq “

tmi ´ 1

tmik ´ 1
“

N
ÿ

ℓ“0

cℓt
ℓ,

and N “ mi ´ mik “ degpQptqq.
The basis tUi,0,θrbsuNb“1 is, by construction (cf. eq. (6.1.1)), chosen to be a standard Z-basis for

this cyclic module, corresponding to tU r1s, tU r1s, t2U r1s, . . . , tN´1U r1su. Let U rbs “ Ui,0,θrbs Ø

tb´1U r1s. The action of Gθ (multiplication by t) is:

❀ For b P t1, . . . , N ´ 1u: GθpU rbsq “ Gθptb´1U r1sq “ tbU r1s “ U rb ` 1s.

❀ For b “ N : GθpU rN sq “ GθptN´1U r1sq “ tNU r1s.

Since U r1s is a generator and Qptq ¨ U r1s “ 0, we have:

ptN ` cN´1t
N´1 ` . . . ` c1t ` c0qU r1s “ 0

Solving for tNU r1s, we get:

tNU r1s “ ´cN´1t
N´1U r1s ´ . . . ´ c1tU r1s ´ c0U r1s

Substituting back U rbs “ tb´1U r1s:

GθpU rN sq “ ´cN´1U rN s ´ . . . ´ c1U r2s ´ c0U r1s

Now we write the matrix B_
1,i,0,θ whose entries are pBqb1,b “ xGθpSrbsq, U rb1sy.

❀ For a column b ă N : GθpU rbsq “ U rb ` 1s. The column has a 1 in row b ` 1 and 0s
elsewhere, since xSrb ` 1s, U rb1sy “ δb`1,b1 .

❀ For the column b “ N : GθpU rN sq “
řN´1

ℓ“0 ´cℓU rℓ`1s. The column vector is p´c0,´c1, . . . ,´cN´1qT .
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This gives the matrix:

B_
1,i,0,θ “

¨

˚

˚

˚

˚

˚

˝

0 0 0 ¨ ¨ ¨ 0 ´c0
1 0 0 ¨ ¨ ¨ 0 ´c1
0 1 0 ¨ ¨ ¨ 0 ´c2
...

...
...

. . .
...

...
0 0 0 ¨ ¨ ¨ 1 ´cN´1

˛

‹

‹

‹

‹

‹

‚

where N “ mi´mik. This is precisely the companion matrix for the polynomial Qptq “
řN

ℓ“0 cℓt
ℓ.

Finally, B_
1,i,0,θ “

´

B´1
1,i,0,θ

¯T
. ■

Notation 6.2.3. We denote by Bθ “ B0,θ ‘ B1,θ the induced operator on Cθ “ C0,θ ‘ C1,θ by
the previously defined two operators.

6.3 Action on homology

Lemma 6.3.1. The operator Bθ acts on the complex pCθ, dθq. And the induced map on homology
coincides with the map pGθq˚ induced on homology by the geometric monodromy Gθ.

Proof. First observe that the action of B0,θ and Gθ on the points that generate C0,θ coincides.
Denote the set of these points by S0 in this proof. On one hand this implies that pGθq˚ acts
on the relative homology group H1pAinv

θ , S0;Zq. On the other hand, we have the sequence of
isomorphisms H1pAinv

θ , S0;Zq » H̃1pAinv
θ {S0;Zq » C1,θ. So we are left to prove that the actions

of B1,θ on C1,θ and pGθq˚ on H1pAinv
θ , S0q;Zq coincide via the above isomorphisms. But this

follows from the construction of B1,θ in eq. (6.2.1) and the definition of pGθq˚. ■

This lemma confirms that our algebraic construction Bθ faithfully represents the topological
monodromy. We now turn to the other principal invariant, the variation operator.

7 Description of the variation operator

In the previous section, we analyzed the action of the monodromy Gθ. In this section, we describe
the second key topological invariant: the variation operator. The classical variation operator,
Var : H1pAinv

θ , BAinv
θ ;Zq Ñ H1pAinv

θ ;Zq, measures the difference between a relative cycle and its
image under the monodromy.

We will define a chain-level operator V : C_
1,θ Ñ C1,θ that acts between our dual complex

and the primary complex. As shown in Lemma 7.2.1, this operator V is the realization on the
chain complex of the classical variation operator.

7.1 V on the chain complex

We define the operator V : C_
1,θ Ñ C1,θ by the formula

(7.1.1) V1,θpUi,a,θrbsq “
ÿ

pi1,a1,b1qPI1

xGθpUi,a,θrbsq ´ Ui,a,θrbs, Ui1,a1,θrb1sySi1,a1,θrb1s.

Note that since Gθ equals the identity map on BAinv
θ , then GθpUi,a,θrbsq ´Ui,a,θrbs is an absolute

cycle and the intersection product of the formula above is well defined.
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7.2 Var on homology

By a similar argument as the one in Lemma 6.3.1, we get

Lemma 7.2.1. The linear operator V defines a map H1pAinv
θ , BAinv

θ ;Zq Ñ H1pAinv
θ ;Zq which

coincides with the classical variation operator.

Proof. We first show V induces a map on homology V˚ : H1pC_
θ q Ñ H1pCθq.

(i) V maps relative cycles to absolute cycles: Let U P Z_
1,θ (so BU “ 0). The chain

V pUq “ GθpUq ´ U is an absolute cycle because Gθ acts as the identity on BAinv
θ , which

contains the boundary of U . So,

BpV pUqq “ BpGθpUq ´ Uq “ BpGθpUqq ´ BU “ GθpBUq ´ BU “ Gθp0q ´ 0 “ 0.

So V pUq P Z1,θ.

(ii) V maps relative boundaries to absolute boundaries: Let U P B_
1,θ, so U “ B_W for

some W P C_
2,θ. Since Gθ commutes with B:

V pUq “ GθpB_W q ´ B_W “ BpGθpW qq ´ BW “ BpGθpW q ´ W q.

Since GθpW q ´ W is an absolute 2-chain, V pUq is an absolute 1-boundary.

Therefore, V descends to a well-defined homomorphism V˚ : H1pC_
θ q Ñ H1pCθq given by

V˚prU sq “ rGθpUq ´ U s.
Next, we show this map coincides with the classical variation operator, Varclassic. The inclu-

sions C_
θ ãÑ CpAinv

θ , BAinv
θ q and Cθ ãÑ CpAinv

θ q are quasi-isomorphisms, inducing isomorphisms
on homology:

Ψ : H1pC_
θ q

–
ÝÑ H1pAinv

θ , BAinv
θ q

Φ : H1pCθq
–
ÝÑ H1pAinv

θ q

The operator V from the lemma is the map Varlemma “ Φ ˝ V˚ ˝ Ψ´1. The classical operator is
Varclassicprcsq “ rGθpcq ´ cs.

Let rcs P H1pAinv
θ , BAinv

θ q be an arbitrary class. Let rU s “ Ψ´1prcsq be its corresponding class
in H1pC_

θ q. The chain U is thus a representative cycle for rcs.

❀ Applying Varlemma:

Varlemmaprcsq “ pΦ ˝ V˚ ˝ Ψ´1qprcsq “ ΦpV˚prU sqq “ ΦprGθpUq ´ U sq “ rGθpUq ´ U s.

❀ Applying Varclassic:
Varclassicprcsq “ rGθpUq ´ U s.

Since both maps yield the same absolute homology class rGθpUq ´ U s P H1pAinv
θ q, they are

identical. ■

8 Gyrographs

8.0.1. In this section, we provide a method which can simplify the direct calculation of the
matrices for monodromy and variation map. If θ is a generic angle, then the invariant spine Sinv

θ

naturally has the structure of a conformal ribbon graph, being embedded in a surface, where
near the vertices, we have a natural conformal structure. This data, together with the Hironaka
numbers, allow us to calculate by hand the variation map for plane curve singularities.

34



8.1 A general construction

8.1.1. We denote by S a graph, with vertex set V and edge set E . We will assume that every
edge has two distinct adjacent vertices, i.e. there are no loops, but we do allow for multiple
edges joining the same pair of vertices. Denote by Ev the set of edges adjacent to a vertex v P V.
A ribbon graph structure on S allows us to define safe walks in S. Recall that a safe walk is a
path on the ribbon graph that turns right at each vertex, see [A’C10]. To allow for flexibility,
we do not always make an explicit distinction between a graph, and its topological realization.
Throughout, we will consider a special subset of vertices R P V in S. We will assume that any
edge in S does not have both its vertices in R, a condition that holds for the invariant spine, with
all singularities seen as vertices. In general, we can subdivide any such edge in two by adding a
vertex not in R, to avoid any problems.

Definition 8.1.2. A conformal ribbon graph is a graph S, along with angles avpe, fq P R{2πZ
associated to any pair of edges e, f adjacent to any vertex v in S, satisfying

avpe, gq “ avpe, fq ` avpf, gq, avpe, fq ‰ 0 if e ‰ f

for any edge g also adjacent to v. At any vertex v P V we have an R{2πZ-torsor Θv, given as
ž

ePEv

teu ˆ pR{2πZq{ „, pe, αq „ pf, α ` avpe, fqq, e, f P Ev.

For any R Ă V, we set
ΘR “

ž

rPR
Θr

Definition 8.1.3. Let S be a conformal ribbon graph, and let R Ă V be a set of vertices. The
real oriented blow-up BlroRpSq of S at R is the topological space given as the disjoint union of the
sets ΘR and VzR, with topology gluing the end points of any edge to the corresponding angle
in ΘR, if the endpoint is in R.

Definition 8.1.4. Let S be a conformal ribbon graph. A gyration δ of angle λ P R around R
in S is a continuous path in BlroRpSq satisfying the following conditions:

❀ The starting and finishing points of δ are in ΘR.

❀ The combined length of all the segments of δ which are contained in ΘR add up to λ, and
the path is oriented according to he orientation of ΘR along these segments.

❀ Any segment of δ outside ΘR is a safe walk.

The induced path in S is the projection of this path to S, seen as a path in a graph.

8.1.5. Given a gyration δ, we say that time passes with speed 1 along segments of ΘR, whereas
safe paths in its complement are taken instantaneously. Thus, time passes from 0 to λ along
a gyration of angle λ. Assume that the gyration δ passes through the angle of an edge in S
adjacent to r P R at time t, such that just before t, the path is on ΘR. There are then two
possibilities. After time t, the path proceeds along a safe path in BlroRpSq, until it comes back to
ΘR, in which case we say that the gyration takes a turn along the corresponding edge, or the
path proceeds along ΘR, in which case we say that the path ignores the turn. Thus, a gyration
can be constructed by specifying a starting or a finishing point in BlroRpSq, along with instructions
on which turns to take, and which ones to ignore, along the way.

8.1.6. Let S be a conformal ribbon graph, with R Ă V. Let P be the graph obtained from
BlroR pSq by deleting edges contained in ΘR. Consider data of the following form:
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(i) Nonnegative real weights ςC , ς
_
C P Rě0 associated with every componet C of P . For a

vertex or edge v, e in C, we set ςv “ ςe “ ςC . and ς_
v “ ς_

e “ ς_
C .

(ii) An S1-invariant bijective map kΘ : ΘR Ñ ΘR, inducing a permutation kR : R Ñ R.

(iii) An automorphism kP of the ribbon graph P .

For any edge e in S adjacent to r P R and v P VzR, we define gyrations as follows.

❀ The absolute gyration δe has length ςe, starts at kP peq in Θr, and takes a turn along an
edge f at time t if and only if t ą ςe ´ ςf .

❀ The relative gyration δ_
e has length ς, starts at e, and takes a turn along an edge f at time

t if and only if t ą ς_
f ´ ς_

e .

Definition 8.1.7. A conformal ribbon graph S and R Ă V a set of vertices, along with weights
ςi on its vertices, constant along connected components of SzR, is a gyrograph if, for every edge
e in S, adjacent to r P R and v P VzR, the following hold for any edge e in S, adjacent to r P R

❀ The absolute gyrograph property: the absolute gyration δe ends at kΘpeq.

❀ The relative gyrograph property: Let s be an interior point of some edge in S, and
consider a safe walk starting at s, stopping as soon as we reach R, having final edge
f . Then, the relative gyration δ_

f ends at some edge of S, and a safe walk which starts
following this edge, finds kP psq before returning to R.

Definition 8.1.8. Given a gyrograph S, with the notation introduced in 8.1.6, we can define a
continuous map

(8.1.9) kS : S Ñ S

up to homotopy, as follows. For any r P R, we set kSprq “ kRprq, and if v P VzR, then
kSpvq “ kP pvq. For any e in S, the path kSpeq in S is the concatenation of kP peq and the path
induced by the gyration δe. The absolute condition in Definition 8.1.7 guarantees that this way,
kS is a continuous map. We call this element of rS, Ss the monodromy spoor of S.

Now, let e be any edge in S, with some orientation. Denote by e_ an oriented dual segment
to the edge e in a thickening F of S. That is, the segment e_ intersects S in a single point s P e,
an interior point of e, this intersection is transverse, and the intersection number of e and e_ at
s is `1. Let w` be the concatenation of the safe walk from s along the chosen orientation, the
relative gyration defined by the last edge of this walk, and then a safe walk which finds kP psq,
and define w´ similarly, starting the safe walk against the chosen orientation. We then have an
oriented cycle w` ´ w´, which we denote by ve, and call the variation spoor of e, as in [A’C18,
Section 6].

8.2 The invariant spine as a gyrograph

8.2.1. In this subsection, we put a gyrograph structure on the invariant spine S “ Sinv
θ , for a

generic angle θ. Recall Definition 5.2.1 for the definition of the Hironaka number.

Definition 8.2.2. Let θ be a generic angle for the f as in Definition 5.1.1. With S “ Sinv
θ

the invariant spine of f , denote by V “ Vθ the set of singularities of ξroθ , and E the set of
trajectories, forming a graph. Let R “ Rθ Ă Vθ be the set of vertices corresponding to the
repellers q0,´1,θr1s, . . . , q0,´1,θrm0s. As this graph is embedded in Ainv

θ , which has a conformal
structure near the vertices, it inherits a conformal structure. In particular, the set ΘR is naturally
seen as a subset of the coordinate space tpα̃0, β̃0qu, with R{2πZ acting on the β̃0 coordinate,

ΘR “

!

pα̃0, β̃0q P pR{2πZq
2
ˇ

ˇ

ˇ
m0α0 “ θ

)

.
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For any vertex v “ qi,a,θrbs P VθzRθ, set

ςv “ h´1
0 ´ h´1

i , ς_
v “ h´1

i .

We define a map kΘ : ΘR Ñ ΘR by
´

α̃0, β̃0

¯

ÞÑ

ˆ

α̃0 `
1

m0
, β̃0

˙

.

Using the notation in Section 6, we define a graph automorphism kP by

qi,0,θrcs ÞÑ qi,a,θrc ` 1s, c P Z{mikZ

and
qi,a,θrbs ÞÑ qi,a,θrb ` 1s, b P Z{miZ

for a ą 0. For prongs, and any a, we map

Pi,0,θrbs ÞÑ Pi,0,θrb ` 1s, P˘
i,a,θrbs ÞÑ P˘

i,a,θrb ` 1s, b P Z{miZ.

Theorem 8.2.3. The invariant spine Sinv
θ , with the data in Definition 8.2.2 is a gyrograph.

Furthermore, the monodromy spoor of Sinv
θ coincides with the homotopy class of the geometric

monodromy, and if e P Eθ is an edge, and e_ is a dual edge to it, then the variation spoor ve of
e coincides with the variation map of e_.

Proof. Let i, k P V be vertices in Γ joined by an edge i Ñ k, and assume that there is an edge
j Ñ i. If i “ 0, then we use the virtual vertex j “ ´1. The map ∆ik : Dro

ik 99K Dro
ji has constant

Jacobian matrix with respect to the coordinates pα̃k, β̃kq and pα̃i, β̃iq. Denote this matrix by Kk.
Using Lemmas 3.5.10 and 5.0.3, and the changes of variables

pα̃i, β̃iq “ pαi ` biβi,´βiq, pαi, βikq “ pβ̃k, α̃kq,

we find

Kk “

ˆ

1 bi
0 ´1

˙

˜

1 mk
mi

`

´

mj

mi
´ bi

¯

nik
nij

0 nik
nij

¸

ˆ

0 1
1 0

˙

“

˜

mk
mi

`
mj

mi

nik
nij

1

´
nik
nij

0

¸

.

Let P be a trajectory in Ainv, and consider its image under G. If P passes through Ainv
i , then

this part of the trajectory is mapped to another trajectory passing through Ainv
i . If P passes

through Ainv
ik , then its image in Ainv makes a turn by the vector ´wk{pmimkq, where we set

wk “ 2π

ˆ

mi

´mk

˙

in the coordinates pα̃k, β̃kq in Ainv
ik , and then continues as a trajectory in Ainv

i . Now, a direct
computation gives

Kkwk “
nik

nji
wi.

Consider the unique geodesic 0 Ñ i1 Ñ . . . Ñ il´1 Ñ il with i0 “ 0, il´1 “ i and il “ k in the
graph Γ. Then, the above formula gives a telescopic product

Ki1 ¨ ¨ ¨Kil´1
Kil

wk

mimk
“

nik

mimkn´1,0
w0 “

2πnik

mimkn´1,0

ˆ

0
´m0

˙

“
nik

mimk

ˆ

0
´2π

˙

.

Assume now that the turn that the image of P makes in Ainv
ik does not cross any unstable

manifold. Then, by applying the backwards flow of ξinv to this turn, we can see this as a
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gyration by ´2πnik{pmimkq radians around a repeller. If the image does cross an unstable
manifold, then, applying backwards flow by ξinv to the turn in Ainv

ik ends up in a the same total
gyration around repellers, with fast jumps along safe paths in between.

If P is a stable prong with an end point in a singularity of ξinv in Dro
k,θ, say P “ P˘

k,a,θrbs for
some a, b, apply backwards flow to the whole of GpP q (see Definition 3.4.4 for notation). We end
up with a total gyration around repellers by an angle

´2π
l
ÿ

s“1

nis´1is

mis´1mis

“ ´2π
l
ÿ

s“1

c0,is´1

mis´1

´
c0,is
mis

“ h´1
k ´ h´1

0 “ ´ςk.

As a result, if e is the edge in Sinv corresponding to the prong P “ P˘
k,a,θrbs, then the image GpP q

is isotopic (fixing the end points) to the composition of the prong P˘
k,a,θrb ` 1s and a gyraton of

length ςk. This is precisely the gyration δe. Indeed, assume that we encounter another edge e1

in the spine Sinv
θ along the gyration at time t, and that this edge e1 corresponds to some prong

P 1 “ Pℓ,c,θrds. There exists a unique s such that

ςk ´ ςis ă t ă ςk ´ ςis´1 .

If ςℓ ě ςis , i.e. if ςℓ ą ςk ´ t, then GpP q already crosses the prong P 1, and the gyration ignores
the turn. Otherwise, the gyration takes the turn.

As a result, we conclude that the data in Definition 8.2.2 satisfies the absolute gyrograph
property. Indeed, this follows from the fact that the composition of the prong Pk,a,θrb ` 1s and
the gyration obtained from GpPka,θrbsq is well defined.

Now, the relative gyrograph property is proved similarly. We start by considering a singularity
qi,a,θrbs. Let j0 Ñ j1 Ñ . . . Ñ jr with j0 “ k, be the path induced by the prong R`

i,a,θrbs, ending
in some arrowhead vertex a “ jr. Using a similar argument as above, using backwards flow
of ξinv, shows that GpR`

i,a,θq is isotopic to the concatenation of R˘
i,a,θrbs, then a safe walk from

qi,a,θrbs until we reach Rθ, then a gyration, and then a safe walk which reaches qi,a,θrb ` 1s, and
does not pass through Rθ. This gyration has angle

r´1
ÿ

s“0

h´1
js

´ h´1
js`1

“ h´1
i “ ς_

v

since h´1
jr

“ 0, as jr is an arrowhead vertex. That this composition of paths is allowed proves
the relative gyrograph property of this data.

It follows from this construction that the image by Gθ of any edge is homotopic to the path
which defines the monodromy spoor, relative to its end-points. As a result, the monodromy
spoor is the homotopy type of the geometric monodromy.

Furthermore, applying the variation map of Gθ to a dual edge e_ gives precisely the variation
spoor ve. ■

8.3 An example with two Puiseux-pairs

8.3.1. Let us use the gyrograph structure on Sinv
θ to calculate the algebraic monodromy and

variation map of the simplest branch having two Puiseux pairs, given by the equation

fpx, yq “ py2 ´ x3q2 ` x5y.

The minimal embedded resolution graph of f , along with data, is as follows.
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0 1

2 4

3
i ´bi c0,i mi hi ςi ς_

i

0 ´3 1 4 4 0 1/4
1 ´2 2 12 6 1/12 1/6
2 ´3 1 6 6 1/12 1/6
3 ´1 4 26 13/2 5/52 2/13
4 ´2 2 13 13/2 5/52 2/13

The gyrograph has four repellers R “ tq0,´1,θr1s, q0,´1,θr2s, q0,´1,θr3s, q0,´1,θr4su, as well as two
groups of vertices

q1,0,θr1s, . . . , q1,0,θr6s, q3,0,θr1s, . . . , q3,0,θr13s,

each permuted cyclically by the monodromy. In fig. 8.3.1 we see these vertices, along with
green and blue stable prongs, but with the repellers removed, whereas in fig. 8.3.2 we see a
neighborhood of ΘR in the blown up graph BlroR pSinv

θ q, as well as the 12 blue prongs coming from
the first set of vertices, and the 26 green prongs coming from the second set of vertices. The
action on ΘR is induced by the explicit map G0 acting on a neighborhood of the repellers, in
Ũ0. In fig. 8.3.2, it sends each boundary component cyclically to the next one to the right. By
choosing coordinates, we can assume that any point is the end point of a blue prong. We label
that prong by 1, and the rest of the prongs are labelled cyclically, using the monodromy near
the vertices q1,0,θrbs. The location of the rest of the blue prongs is then determined, since the
end-point of the next blue prong is found by moving one step to the right, and going backwards
by a gyration of length ς2 “ 1{12. This gyration takes no turns. Now, choose any point on ΘR

...

111 7 14

2 8

126

2

13

15

26

...
...

...

Figure 8.3.1: The spine Sinv
θ , with repellers removed, and stable prongs labelled cyclically. The

black dots are the points qi,0,θrbs.

which is not the endpoint of a blue prong. Then there exists some θ such that this is the end
point of a green prong. We label this prong by 1, and the rest cyclically as above. The rest of
the green prongs, and their cyclic order is then determined, again by jumping to the right, from
any green prong, and following a gyration of length

ς4 “
1

4
´

2

13
“

5

52

backwards, with the rule that if a blue prong is encountered at time

t ă
5

52
´

1

12
“

1

78

then we make a turn, otherwise the turn is ignored. In figure fig. 8.3.2, we have chosen a green
prong at a point near the first blue prong, so that the gyration starting at the first green prong
of length 5{52 takes a turn along blue prong number 1, comes back at the blue prong number 7,
and meets up with the image of the green prong number 26 under kΘ in Θr3 .

Clearly, we have

B0,θ “

¨

˚

˚

˝

0 0 0 1
1 0 0 0
0 1 0 0
0 0 1 0

˛

‹

‹

‚
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Choosing a suitable orientation in fig. 8.3.1, and using fig. 8.3.2, we find that the differential d1,θ
is given by the matrix
¨

˚

˚

˝

´1 0 1 0 ´1 0 ´1 0 0 1 ´1 0 0 1 ´1 0 0 1 ´1
0 ´1 0 1 0 ´1 1 ´1 0 0 1 ´1 0 0 1 ´1 0 0 1
1 0 ´1 0 1 0 0 1 ´1 0 0 1 ´1 0 0 1 ´1 0 0
0 1 0 ´1 0 1 0 0 1 ´1 0 0 1 ´1 0 0 1 ´1 0

˛

‹

‹

‚

From what we have seen, the map kS , with S “ Sinv
θ , permutes the blue prongs cyclically. The

green prongs are similarly permuted cyclically, with the exception that the prong labelled by 26
is mapped to prong 1, and then blue prong 1 and 7. Taking the segment in fig. 8.3.1 as a basis for
C1,θ, we find that B1,θ is a block matrix. Along the diagonal, we have matrices of size 6 ˆ 6 and
13 ˆ 13 which are similar to permutation matrices, but have a ´1 in the corner, since applying
the monodromy 6 times to a blue segment returns it to itself with the opposite orientation, and
similarly for green segments. In the upper off-diagonal block we have one nonzero entry, the
rest is zero. Indeed, the only turn taken by an absolute gyrations is that of the green prong 26,
which turns along prong 7, and then follows prong 1, to come back to green prong 1. Taking
into account orientation, this gives a ´1 in the upper right hand corner.

B1,θ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 ´1 0 0 0 0 0 0 0 0 0 0 0 0 ´1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ´1
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Now, let us calculate the variation map V1,θ in this basis, and its dual. If e is a blue prong,
then the relative gyration δ_

e starts at the edge e and takes a turn along any green edge, if it is
encountered at time

t ă ς_
1 ´ ς_

3 “
1

6
´

2

13
“

1

78

This is what happens if e is the first blue prong. The relative gyration finds the green prong 21,
makes a fast safe walk to green prong 8, and then stops at blue prong 8. From there, there is a
safe walk to kP peq, i.e. blue prong 2. To construct ve, we must also consider the other gyration,
following a safe walk from blue prong 1 to blue prong 7, then a gyration of length 1{6 which
makes a turn at green prong 15, and then finishes gyrating from green prong 2 to blue prong
2. This shows that the cycle ve induces the homological cycle given by the first column in the
matrix V1,θ below. This includes the first entries of the column equal to 1, since ve crosses the
blue prong 1, and its image by kP , i.e. blue prong 2. It also makes two green jumps, which, by
the orientation indicated,
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If e is a green prong, then the relative gyration δ_
e always makes a turn if it encounters a blue

edge. In this example, we see that this gyration actually never encounters another green edge.
If e is the first green edge, then ve is the cycle which starts at e, makes a turn at the blue edge
labelled 1 and makes a quick safe walk to the blue edge labelled 7, and continues gyrating from
there until it meets the green edge labelled 15. From there, it takes a safe walk to the green edge
2 which equals kP peq. Now, concatenate this with the opposite of the path going the other way,
which starts at the green edge 1, follows a safe walk to green edge 14, then gyrates of length ς2
directly to green edge 2, closing the cycle. Since ve crosses the edges e and kP peq, we find the
value 1 at position 7, 7 and 8, 7 in the matrix for V1,θ. Since the gyration did a fast jump along
the first blue edge, there is one more 1 in the seventh column of this matrix at position 1, 7.
Now, one verifies that the jumps made by the cylcles ve, for e green prongs labelled 1, . . . , 13
give similar cycles described by the columns in V1,θ seen below.

V1,θ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 ´1 1 0 0 0 0 0 ´1 0 0 0 0 0 0
1 1 0 0 0 0 0 1 0 0 0 0 0 ´1 0 0 0 0 0
0 1 1 0 0 0 0 0 1 0 0 0 0 0 ´1 0 0 0 0
0 0 1 1 0 0 0 0 0 1 0 0 0 0 0 ´1 0 0 0
0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 0 ´1 0 0
0 0 0 0 1 1 0 0 0 0 0 1 0 0 0 0 0 ´1 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 ´1
1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0 0

´1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 ´1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 ´1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
0 0 0 ´1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 ´1 0 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 ´1 0 0 0 0 0 0 0 0 0 0 0 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

We now choose a basis for the homology of Sinv
θ , as follows. Since the blue edges 1 and 2, and

the green edge 1 form together a spanning tree, we can complete any other edge in the graph as
a cycle in Sinv

θ . This way, we get a basis, and one verifies that in this basis, the monodromy is
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given by the matrix
¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 ´1 0 ´1 1 0 0 ´1 1 0 0 ´1 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 ´1 1 ´1 1 ´1 1 ´1 1 ´1 1 ´1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Correspondingly, take dual segments to any edge in the complement of the spanning tree, which
form a basis. The variation map is then given by the matrix

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 ´1 0 0 0 0 0 1 0 0 0 0
1 1 0 0 0 0 ´1 0 0 0 0 0 1 0 0 0
0 1 1 0 0 0 0 ´1 0 0 0 0 0 1 0 0
0 0 1 1 0 0 0 0 ´1 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

´1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
0 ´1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 ´1 0 0 0 0 1 1 0 0 0 0 0 0 0
0 0 0 ´1 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

9 Software implementation

We have implemented the algorithms described in this paper in a Python script var_class.py
located in a Github repository. This script relies on Singular for resolution of singularities and
NetworkX for graph manipulations.

9.1 Usage

To use the software, ensure you have Singular installed and accessible in your path. The Python
dependencies are networkx, matplotlib, numpy, and sympy.

The main function is run_polynomial(polynomial), which takes a polynomial string as
input and returns the resolution graph and other data structures.
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Figure 8.3.2: A blown up gyrograph for a plane curve with two Puiseux pairs. The red path is
the variation map applied to a relative cycle intersecting the green segment 2 precisely once.
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9.2 Example

Consider the polynomial fpx, yq “ py2 `x3qpx2 `y3q. We run the following code to compute the
resolution graph and the algebraic invariants. We define a parameter T = 1/100 corresponding
to the angle θ “ 2π{100. In the code we scale the angle θ by 1{2π for simplification. We compute
the monodromy matrix M , the variation matrix V ar, and the differential map DI on the chain
complex. Then, we compute the Smith Normal Form of DI to find a basis where the differential
is diagonal. This allows us to identify the homology of the complex (the kernel of DI). We
denote by V the change of basis matrix. The matrices MH and VarH represent the restrictions
of the monodromy and variation operators to the homology.

import var_class
import sympy as sp
from fractions import Fraction
G, H, Up, EN, mult = var_class.run_polynomial("(y^2+x^3)*(x^2+y^3)")
var_class.draw_resolution_graph(G, H, mult=False, order=False, euler=True)

This produces the resolution graph shown in Fig. 9.2.1.

Figure 9.2.1: Resolution graph for py2 ` x3qpx2 ` y3q produced by the software.

# We define the parameters and compute the matrices
T = Fraction(1, 100)
M = var_class.monodromy_matrix(EN, G, Up, H, T)
M = sp.Matrix(M)
Var = var_class.variation_matrix(EN, G, Up, H, T)
Var = sp.Matrix(Var)
DI = var_class.differential_map(EN, G, Up, H, T)
DI = sp.Matrix(DI)

# We compute the Smith Normal Form to find the homology
D, U, W = var_class.smith_normal_form_custom(DI)
r = DI.rank()
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MH = (W**(-1)*M*W)[r:,r:]
Var_H = ((W**-1)*Var*((V.transpose())**(-1)))[r:,r:]

The script also computes the monodromy and variation matrices, as well as their homological
counterparts.

Monodromy matrix on the complex

The monodromy matrix M acting on the chain complex.

M “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 1 0 0 0 0 1
0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 ´1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 ´1
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Monodromy matrix after change of basis

The monodromy matrix expressed in the basis given by the Smith Normal Form.

W´1MW “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1 ´1 0 0 0 0 0 0 0 0 0 0 0
´1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 ´1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0
1 0 ´1 1 0 0 1 ´1 1 ´1 1 0 0 0
0 0 1 0 0 1 ´1 1 ´1 1 ´1 1 ´1 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 ´1
0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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Monodromy matrix in homology

The restriction of the monodromy matrix to the homology (kernel of the differential).

MH “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 1 0 0 0 0 0 0 0 0 0
1 0 0 1 ´1 1 ´1 1 0 0 0
0 0 1 ´1 1 ´1 1 ´1 1 ´1 1
0 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 ´1
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 1 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Variation operator on the complex

The variation operator Var acting on the chain complex.

Var “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 1 0 0 ´1 0 0 0 0 ´1 0 0
1 1 0 0 0 0 0 ´1 0 0 0 0 ´1 0
0 1 1 0 ´1 0 0 0 0 ´1 0 0 0 0
0 0 1 1 0 ´1 0 0 0 0 ´1 0 0 0
0 0 0 0 1 0 0 0 ´1 0 0 0 0 0
0 0 ´1 0 1 1 0 0 0 0 0 0 0 0
0 0 0 ´1 0 1 1 0 0 0 0 0 0 0

´1 0 0 0 0 0 1 1 0 0 0 0 0 0
0 ´1 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 ´1
0 0 ´1 0 0 0 0 0 0 1 1 0 0 0
0 0 0 ´1 0 0 0 0 0 0 1 1 0 0

´1 0 0 0 0 0 0 0 0 0 0 1 1 0
0 ´1 0 0 0 0 0 0 0 0 0 0 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Variation after change of basis

The variation operator expressed in the basis given by the Smith Normal Form.

W´1VarpW´1qT “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 1 ´1 0 0 0 0 ´1 0 0 0
0 0 0 0 1 0 0 0 0 ´1 0 0 0 0
0 0 0 0 ´1 1 0 0 0 0 0 0 0 0
0 0 0 ´1 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 ´1
0 0 0 0 ´1 0 0 0 0 1 1 0 0 0
0 0 0 ´1 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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Variation in homology

The restriction of the variation operator to the homology.

VarH “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 1 ´1 0 0 0 0 ´1 0 0 0
0 1 0 0 0 0 ´1 0 0 0 0
0 ´1 1 0 0 0 0 0 0 0 0

´1 0 1 1 0 0 0 0 0 0 0
0 0 0 1 1 0 0 0 0 0 0
0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 ´1
0 ´1 0 0 0 0 1 1 0 0 0

´1 0 0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 0 1 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

Verifications

One verifies, using the above results, that the identity

MVarT ´ Var “ 0

holds. Restricting to homology, we verify the well known identity

MHVarTH ´ VarH “ 0

Now we consider the differential matrix DI:

DI “

¨

˚

˚

˝

0 1 0 ´1 1 ´1 0 0 1 0 0 ´1 1 0
´1 0 1 0 0 1 ´1 0 0 1 0 0 ´1 1
0 ´1 0 1 0 0 1 ´1 0 ´1 1 0 0 ´1
1 0 ´1 0 ´1 0 0 1 ´1 0 ´1 1 0 0

˛

‹

‹

‚

and verify that monodromy takes cycles to cycles (DI ¨ M ¨ V ). The columns corresponding to
the kernel should be, and indeed are, zero:

DI ¨ M ¨ V “

¨

˚

˚

˝

0 1 ´1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 ´1 0 0 0 0 0 0 0 0 0 0 0 0

´1 0 1 0 0 0 0 0 0 0 0 0 0 0

˛

‹

‹

‚
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