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Abstract

The boundary of the Milnor fiber associated with a complex line ar-
rangement is a three dimensional plumbed manifold, and it is a combina-
torial invariant. We prove the reverse implication, which was conjectured
Némethi and Szilard. That is, this boundary of the Milnor fiber deter-
mines the combinatorics of the arrangement. Furthermore, we give an
explicit method which constructs the poset associated with the arrange-
ment, given a plumbing graph in normal form for the boundary.
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1 Introduction

1.1. A (projective) line arrangement A = {¢1,..., ¢4} is a finite set of (distinct)
lines in the complex projective plane CP?. These objects are studied as both
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a family of (reducible) plane curves and a particular non-isolated homogeneous
surface singularity (X 4,0) C C3: their interest lies in the interplay between
combinatorics, topology, and algebraic geometry. For general background on
(n-dimensional hyperplane) arrangements, see [0T92, Dim17]. A central goal is
to understand the topological and geometric properties of arrangements through
their combinatorics, namely the intersection poset P4 determined by the lines
and their intersection points.

It is known that the (embedded) topology of A, i.e. the homeomorphism type
of the pair (CP?, A), determines the combinatorics. However, the converse was
proved to be false, see e.g. [Rybll, ACCMO05, GV19]. Some classic topological
invariants of the complement U4 := CP?\ U?:l ¢; turn out to be combinatorial,
such as its cohomology ring H* (U 4; Z) [OS80]), whereas the fundamental group
is not [Rybll, AGV20]. The combinatorial study of other properties as the
topology of the Milnor fiber associated to A, twisted cohomologies, characteristic
varieties or finer invariants of 71 (U 4) has become an active interesting domain,
see e.g. [Sucl7, Dim17].

The Milnor fiber F 4 of A (i.e. the Milnor fiber of the surface germ (X 4,0))
has been extensively studied so far [Sucl4, Sucl7, Dim17, PS17]. Nevertheless,
it remains unknown whether the first Betti number of F4 is combinatorial or
not. On the other hand, the boundary 0F 4 is known to be a plumbed three
manifold. In [NSz12], Némethi and Szilard gave an explicit algorithm which
produces a plumbing graph for this manifold, in a greater generality than con-
sidered in this text. In [NSz12, 6.1], the authors applied their main algorithm
to construct the plumbing graph in the case of arrangements, constructing 0F 4
from the combinatorics of A (see also the discussion in [NSz12, 24.3.1]). In par-
ticular, they derived several (combinatorial) formulas of topological invariants
of OF 4 and its monodromy operator. This point of view was recently used by
Sugawara [Sug25] in order to obtain a nice combinatorial formula of the torsion
in Hy(OF 4;Z) for generic arrangements.

After OF4 was combinatorially determined by Némethi and Szilard, they
conjectured that the reverse implication should also hold [NSz12, 24.4.11]: namely,
that the three dimensional manifold 0F 4 also determines the combinatorics of
A. In this paper, we give an affirmative answer to this conjecture. More con-
cretely, we prove the following result.

Theorem A. The boundary of the Milnor fiber associated with a line arrange-
ment determines the combinatorics of A by an explicit algorithm.

Remark 1.2. By explicit algorithm we mean the following. Since every OF 4 is
a plumbed three manifold, one can associate a plumbing graph G which realizes
the diffeomorphism type 0F4 = M(G). Using plumbing calculus [Neu81], the
normal form Gyey of the plumbing graph is algorithmically obtained. Finally,
we are able to reconstruct P4 from Gyey, identifying the combinatorics. This
algorithm can be applied to any plumbing graph, to see if it can be constructed
from a suitable poset.

It says nothing, however, about the realizability of this poset as the com-
binatorics of an arrangement. One should know a priori that OF comes from
an arrangement A in order to give sense to the output poset. As an example,
let P be a poset obtained as follows: take the poset of the Pappus arrangement
(i.e. the one with 9 lines and 9 triple points verifying the Pappus’ theorem) and



remove the relations between the line and the three triple points appearing in
the conclusion of the theorem. From P we can construct a plumbed manifold,
but this would not be diffeomorphic to some OF 4 for any A, since there is no
arrangement realizing P as intersection poset.

1.3. This paper is organized as follows. In Section 2, the basic constructions
about line arrangements are quickly introduced, as well as the notion of ex-
ceptional arrangements. In Section 3, we present the main theorem together
with the necessary definitions and concepts of plumbing manifolds involved. In
Section 4 we go through the algorithm of Némethi and Szilard in the case of an
arrangement and describe the output Gng,. We also introduce notation which
will be used throughout the rest of the paper. In Section 5 we recall known
results about plumbing manifolds of pencils and near-pencils. In Section 6, we
apply some of the steps of the process of normalizing the plumbing graph Gys,
to produce a graph G, which is in normal form for non-exceptional arrange-
ments. In Section 7 we describe a plumbing graph in normal form for F4 in
the case of a double connected pencil. This requires a careful analysis of one
string in the graph G introduced in the latter. In Section 8 we show that for
non-exceptional arrangements, the boundary 0F 4 determines the poset Py.

Notation 1.4. We use the words string and chain interchangeably, the former
being used in [NSz12] and the latter in [Neu81].

2 Preliminaries on line arrangements

2.1. To any line arrangement A = {{;,...,¢;} in CP?, one associates its inter-
section poset (P4, <) whose elements are: the projective plane CP?, the lines
l1,...,20q, and singular points p = £ N ¢ for ¢ # £’ in A. The set of these ele-
ments is a partially ordered set with respect to inverse inclusion, such that the
plane is the unique minimal element. This poset has a rank, which is given by
codimension, that is, the plane has rank 0, a line has rank 1, and a point has
rank 2.

2.2. We will assume throughout this paper that A is an arrangement of d
lines. They are indexed as {1, ..., {4, having precisely c total intersection points,
Dd41y-- -5 Pdt+c. We will stick to using the letter ¢ to index objects associated with
lines, and j to index objects associated with intersection points. In particular,
we associate with each line £ = ¢; and point p = p; the numbers n; of intersetion
points on /¢;, and n; the set of lines passing through p;. Set also, for each
intersection point p;, the integer

C; = ng(d7 le).

2.3. Let a; € Clz,y,z2] be a linear function associated to each ¢; € A. The
product f = ajas...qq is a defining polynomial of the underlying curve of A
in CP?. Let X 4 be the germ in (C?,0) defined by f = 0, i.e. the germ associated
to the cone of A in C3. Note that (X 4,0) is the germ of a non-isolated singular
surface whenever d > 2. The Milnor fiber of X 4, i.e.

FA:f_l(t)mBSZ{xe(cg‘f(x):t7 ||$L'||§E}7



is a well defined 4-manifold with boundary [Mil68|, assuming we choose parame-
ters 0 < p <K e < 1,and t € Cwith 0 < [¢t| < 7. We are interested in the bound-
ary OF 4 of the Milnor fiber, which is a (smooth) plumbed 3-manifold and it will
be treated in Section 4. Alternatively, since f is a homogeneous polynomial, the
Milnor fiber is also diffeomorphic to F4 = f~1(1) and 9F4 = f~1(1) N S, for
sufficiently big radious R > 0.

2.4. We conclude by introducing the class of line arrangements in CP? for
which the procedure described in Section 8 does not work in general: exceptional
arrangements. We say that an arrangement A is exceptional if there exists £ € A
containing strictly less than three intersection points. Exceptional arrangements
can be completely classified in four simple families of arrangements.

Lemma 2.5. The following list contains all exceptional line arrangements.
1. An arrangement of one line.
2. A pencil Py of d > 2 lines passing through the same point.

3. A near-pencil Ny of d lines, precisely d—1 of which pass through the same
point.

4. A double connected pencil D, ;, of d =a+b—1 lines, a of which contain
a point p1 and b of which contain a different point ps.

Proof. Let A be an arrangement of lines in CP?. If A contains a line not
containing any intersection point, then the arrangement consist of that single
line, since any other line would intersect it.

If A contains a line ¢ containing only one intersection point p, then the
arrangement is a pencil Py with d > 2. Indeed, any line in A which does not
contain p would intersect ¢ in some point other than p.

Finally, assume that 4 contains a line £ containing precisely two intersection
points, say pi1,p2. In this case, any line in A contains either p; or ps, since
otherwise it would intersect ¢ at some point other than p; or ps. Denote by a,b
the valencies of pi,ps. We can assume that a > b > 2. If b = 2, then A is a
near-pencil NV, 1, and if b > 3, then A is a connected double pencil Dab- |

3 Plumbing manifolds and main theorem

3.1. An plumbing graph is a finite decorated graph G with the following data:
% Dach vertex v is weighted by a genus g, € Z>( and a Euler number e, € Z.
% Fach edge brings a signature, + or —.

The genus (resp. signature) is usually written as [g,] under the vertex (resp.
over the edge) (resp. as €) and is omitted if it is zero (resp. if it is +). The
Euler number e, is placed over its the vertex v.

The (oriented) plumbing manifold M(G) associated to an (oriented) plumb-
ing graph G is the closed graph 3-manifold obtained as follows:

1. To each vertex v, one assigns an oriented S'-bundle 7,: E, — S, over
orientable surface S, of genus g,, and Euler obstruction e,,.



2. For any edge (v, w) of signature ¢ € {£}, choose a point p € S, and trivial-
ize the fibration over a small disk D,, centered at p as w, 1(D,) = D, x S*.
Similarly, choose g € S, and trivialize its bundle over a neighborhood D,
as 1 (Dy) 2 D, x SY. Then glue 7,7 1(S, \ D,) and 7, (S, \ D,) along
a homeomorphism ¢ : 9D, x S* — 9D, x S* represented by ¢ - <(1) (1])

Disconnected plumbing graphs are allowed as well as disjoint unions of graphs,
denoted by the symbol # (see e.g. fig. 3.8).

The (oriented) diffeomorphism type of M(G) is preserved by (Neumann’s
plumbing calculus), a set of graph operations RO-R8 on G. Plumbing calculus
is sufficient in the sense that any two plumbing graphs representing the same
(oriented) diffeomorphism type of plumbed manifolds are related by a finite
sequence of these operations. For brevity, we omit the explicit descriptions of
these operations. See [NSz12, 4.2] or [Neu81] for more details and a complete
list of operations. Throughout this text, we explicitly use only the following
operations: RO (reversing signs), R1 (blowing down), R3 (0-chain absorption),
R5 (oriented handle absorption) and R6 (splitting).

Given a plumbing graph G let us add a few vertices to the graph, which are
referred to as arrow heads, which are joined by an edge to exactly one vertex in
G each. To each vertex w in this bigger graph, associate an integer m,,. This
family is a multiplicity system if it satisfies the equation [NSz12, eq. 4.1.5]

(3.2) €yMy + Z EpwMyw = 0

for any vertex v in G, where the sum runs through all neighbors w of v, including
arrowheads. A typical example is when G is a resolution graph, the multiplicities
are valuations associated with exceptional divisor of some function, and the
arrowheads represent components of the strict transform of the set defined by
the function. Such multiplicity systems can be used to calculate Euler numbers,
as in [NSz12].

3.3. Let G be any plumbing graph. Denote by ¢, the valency of the vertex,
i.e. the number of neighbors of v. A regular node of G is any vertex having
0, > 3 or g, # 0. The regular node graph associated with G is the graph
Nieg, whose vertices are regular nodes in G, and edges correspond to strings
connecting nodes in G. Denote by s the set of regular nodes.

We define a special node to be a vertex having precisely two neighbors, each
having genus 0 and Euler number —1. The special node graph N, associated
with G is the graph whose vertices are regular or special nodes in G and whose
edges correspond to strings in G. Denote by A4, the set of nodes, regular or
special.

Remark 3.4. (i) If the graph G is in normal form, then the two neighbors of
a special nodes do not lie on a string, i.e. they have valency > 0. Indeed, any
vertex in a graph in normal has Euler number < —2.

(ii) The graphs Nyeg and Ny, have the same topological type as G.
3.5. Any finite poset (P, <) of rank 2 with a unique minimal element determines

a bipartite graph B whose vertices are elements of rank 1 or 2, with an edge
joining two elements if they are comparable. This bipartite graph comes with a



chosen maximal independent set .41, the set of vertices corresponding elements
of rank 1. This correspondence is invertible, in that, a bipartite set with a
chosen maximal independent set (B,.#'1) naturally defines a poset, such that
these two operations are inverse to each other. We say that (P, <) and (B, .4"1)
correspond to each other.

3.6. A connected plumbing graph G determines a poset (P, <) if the special
node graph Ny, associated with G with vertex set .4, is bipartite, and has a
unique partitioning into maximal independent sets A5, = A1 LI 473 such that

® (Ngp, A1) corresponds to (P, <).
% nodes in .41 have Euler number —1 and genus 0,
% .47, contains no special nodes,

% if a chain in G joining v € A1 and w € .45 has Euler numbers —hy, ..., —h,,
from v to w, and w is a regular node, then
| A4
Ouw

[h1,... h] =

It is worth noticing that not every plumbing graph determines a poset, e.g.
complete bipartite graphs. The main strategy of our classification is that any
normalized plumbing graph of a line arrangement determines a poset, except
for finitely many families of arrangements. Namely, these are the trivial ar-
rangement, (near-)pencils and double connected pencils, i.e. the four families
of exceptional arrangements. For each of these, their associated Gney is also
classified.

We now present our main result, which is a reformulation of Theorem A,
since obtaining Gney from a plumbing graph G is an algorithm process (see
Section 4). The proof is organized across the following sections.

Theorem 3.7. Let Gney be a plumbing graph in normal form representing the
boundary OF 4 of the Milnor fiber associated with an arrangement A of lines in
the complex projective plane CP?.

(i) A contains precisely one line if and only if Gneu is the empty graph.

(i) A is a pencil Pg on d > 2 lines if and only if Gneu is the disjoint union
of (d — 1)% wvertices with genus and Euler number zero.

(i11) A is a near-pencil Ny on d > 3 lines if and only if Gneu consists of one
vertexr with Fuler number 0 and genus d — 2,

(iv) A is a double connected pencil Dy, with a > b > 3 if and only if the reqular
node graph of GNeu s a complete bipartite graph on a and b vertices.

(v) A is non-exceptional if and only GNenw determines a poset (P, <) of rank
2, and in this case, (P, <) is the poset associated with A.

Proof. A plumbing graph in normal form can only belong to one of the categories
described in (i), (ii) or (iii). Furthermore, none of these graphs are complete
bipartite graphs on a > b > 3 vertices, nor do they determine a poset of rank
2. Finally, the categories (iv), (v) do not intersect, by Lemma 8.5. As a result,
the theorem follows from 5.2 and 5.4, and Lemmas 7.1, 8.1 and 8.5. |



Py 0 Ny 0
# e °
(d—1)* [0] [d — 2]

Figure 3.8: The graph Gney in the case of pencils and near-pencils.

Remark 3.9. Although one might consider the near-pencil Ny as a connected
double pencil D, with parameters a = d — 1 and b = 2, Neumann’s normal-
ization algorithm must be carried out further for the near-pencil than the steps
described in Section 7. In this respect, the two cases are essentially different.

4 The algorithm of Némethi and Szilard

4.1. Take f =] ¢,e4 @i the homogeneous polynomial defining the line arrange-
ment A as in 2.3, where each linear form «; defines the line ¢;. Denote by
X; C C3 the hyperplane defined by a; = 0. One has that X 4 = U; X;. For each
point p;, denote by ¥, the corresponding line in C3, and by ¥ the union of these
lines. This way, (X 4,0) is the germ of a non-isolated hypersurface singularity,
with one dimensional singular locus (X2,0). By [NSz12], the boundary of the
Milnor fiber

(4.2) OF = f~'(n) N S?

is a plumbed 3-manifold, represented by a plumbing graph, which we call Gng,.
Denote by g € C[z,y, 2| a linear function, defining a line ¢y in the plane which
does not pass through any of the singular points p1,...,p. of A, and let Y be the
hyperplane in C3 defined by g = 0. This way, f, g define an isolated complete
intersection consisting of d lines in C3. Blowing up the origin in C? separates
the lines ;. Denote by

r:V-C?

the map obtained by first blowing up the origin in C3, and then blowing up
each of the strict transforms of ¥;. This second step is taken in order to satisfy
Assumption A, described in [NSz12, 6.3]. Setting

D.=7r1(X4\Y), Dy=r1Y\Xa), Do=r'(XanY),
the curve configuration is
¢ =(D.NDg)U(D.NDy).

This is a union of curves in V, whose dual graph is denoted I'¢. The set of
vertices of this graph is %4, with v € ¥4 corresponding to a component of €.
We write ¥ = W 1l o/, with v € # if and only if the corresponding component
is compact. The vertices in # are drawn as regular dots, whereas the ones in
o/ are drawn as arrowheads. Two vertices in I'¢ are joined by an edge if the
corresponding components intersect.

% For each of the lines ¢;, denote by X; the strict transform of X; in V.
Thus, we have a vertex v{ in 'y corresponding to the curve X; Nr~1(0).



& For each of the points p;, denote by %; the strict transform r—1(X; \ {0})
of ¥; in V. Thus, we have a vertex w;’g € W in 'y, corresponding to the

compact curve ; N7~ 1(0).
#® The vertices v¥ and w;g are joined by an edge if and only if p; € ¢;.

% FEvery line ¢; intersects the line ¢y in a single point, corresponding to a
line in C3. The strict transform of this line corresponds to an arrowhead
vertex a;g in 'y, which is joined by an edge with v;‘f .

Furthermore, the graph I'¢ is decorated with the following numerical data
#® The vertex v is decorated by (1,d,1).

% The vertex w;-g is decorated by (n;,d, 1).

% If p; € {;, then the corresponding edge joining the vertices v¥ and w;g is
decorated by 2.

# An arrowhead af is decorated by (1,0,1), and the edge joining it with v
is decorated by 1.

% All compact curves in ¢ have genus zero, so we decorate the corresponding
vertices with [0].

(1,0,1) (1,d,1) (npj,d,l)
¥ 1 ;\ 2 /‘cg
a; V! w;

Figure 4.3: Part of the graph I'¢ with decorations.

4.4. The Main Algorithm of [NSz12, Chapter 10] takes as input the graph I'¢,
and returns a plumbing graph for the boundary of the Milnor fiber eq. (4.2).
We start by making two remarks:

% The middle decorations on any non-arrowhead vertex is d # 0. As a result,
Assumption B [NSz12, 10.1.3] is satisfied. Assumption A is also satisfied,
as we have seen, and so no further modification of the the resolution r is
needed before starting the Main Algorithm.

#® The covering data in step two of the Main Algorithm [NSz12, 10.2.5] is
trivial in all cases, i.e. we have n,, = n. = 1 for any vertex w and edge
e in the graph I'¢. As a result, we present here the output of the Main
Algorithm without mentioning these data.

Denote the output of the Main Algorithm by Gns,. This is a plumbing graph
with a multiplicity system. More precisely, Gng, is a graph with vertex set
NSy = #Nsy 1 9ns,, where o/s, are arrowheads. Vertices of the form a?, v?

o !
7 9 Yy
w;g induce similar ones a5, vN5%, w}\lsz in the graph Gns,. The non-arrowhead



NSz
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vertices are decorated with Euler numbers e ?ISZ

g;-\lsz. Following the Main Algorithm, one obtains formulas for the genera

and genera gysz and

and e

” ” c;—1)(n; —1
p T CE e )

associated with any line ¢; and any intersection point p;. An arrow-head has
NSz NSz

multiplicity 1, a vertex v;>* also has multiplicity 1, and a vertex w;>* has
multiplicity
nj
m; = —.
¢j
Any edge labelled with 1 joining af and v induces an edge labelled with
+1 joining al¥% and v]%%. Any edge labelled with 2 joining vertices v and
w;‘”a induces a string of type Str® (1,m4;d|0,0;1). This is a string with Euler
numbers k1, ...,ks > 2 and multiplicities mq, ..., ms. The numbers k1, ..., k;
are determined as a negative continued fraction expansion
d 1
— = ki, ko, .. k)| =k — ———
\ [k, ko ) S

where 0 < A < d/c; is determined by
anr)\:mld, mleZ,
in other words, m =1 and A = d — n;. Therefore, we have

d

dfnj

= [kjl7k2a"'7ks],

with the exception when d = n;, in which case we join the two vertices with
a single negative edge. Furthermore, if we set mg = 1 and m,11 = m;, the
multiplicities satisfy

klmlfml_lme_l:O, l:1,...,5.

GFSZ k?l ]{?2 k’s 6?182
o—o o - - - —--—-—-- -o—eo
© © © © ©

Figure 4.5: The string Str® (1,n;;d|0,0;1) in Gnsy.

Definition 4.6. For every intersection point p;, with the notation introduced
above, set m; = m,, the multiplicity on any neighbor of w; in Gns,.

Lemma 4.7. The Euler numbers are determined by

eNSZ

i eNSZ = m/.

=n; —1, J 5Ci



Proof. The vertex U%\ISZ has multiplicity 1, and n; + 1 neighbors, each with

multiplicity 1, 71; of which is joined by a negative edge. As a result, by eq. (3.2),
we find
e —n;+1=0,

proving the first equation. Applying the same formula for the vertex w}\lsz, we

find
eNSZ

’_
z m; —njm,; = 0.

J

Since m; = n;/c;, the result follows. [ |

5 Normal forms of pencils and near-pencils

5.1. In this section, we describe explicitly the normal form of plumbing graphs
for OF 4 in the case of pencils and near-pencils. These results can be found in
[NSz12, Sug25].

5.2. Consider the pencil P4. There is a single intersection point p; (with j =
d+ 1), with n; = d. As a result, we find ¢; = d and m; = 1, and so

(d—=2)(d-1)

(5'3) g; = f

NS NS
h Z , ) z

We have vertices v in the graph Gns;, each with Euler number and
NSz

genus zero, and each of them joined with the vertex w;>* by a simple edge. By
choosing one of the vertices v} Sz we can apply R6, splitting, to the graph Gnss.
Each of the components I'y, ..., 'y in [Neu81, p. 305-306| consists of one of the
vertices ’U%\ISZ, and there are d — 1 of them. The numbers kq,..., ks are all 1.

Using eq. (5.3), we find that Gng, is equivalent to the disjoint union of

PICIR

s+29j:d—1+2W:(d—1)2

vertices with Euler number and genus zero.

5.4. Next, consider the near-pencil Ny, with d > 3 lines. If d > 3, then there
is a unique line ¢; with ny = d — 1 and a unique point pgy1 with ng41 =d — 1.
The rest of the lines contain only two intersection points, and the rest of the
points are double. Thus, the graph Gys, consists of the vertices v)5? and def%,
joined by d — 1 bamboos of the form seen in fig. 5.5.

Applying blow-downs and zero-chain absorptions to these strings, we find
the graphs seen in fig. 5.6.

6 An (almost) minimal graph for arrangements

6.1. In this section, we define a graph G, associated with a line arrangement A4,
obtained by following certain parts of Neumann’s algorithm for finding a normal
plumbing graph, which we denote by GNey. We have described the normal forms
of OF 4 in the case of a pencil in section 5, so we will assume that A is not a
pencil. In particular, we have n; < d for all intersection points p;.

10
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Py w; Uj Wyt
d—2 2 2 3 1 3 2 2 1 d 1
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o — o - ———- -o—o—0—— - - - —@ o ® ®

Figure 5.5: We have d — 1 bamboos of the above form, for ¢ = 2,...,d, and
j = d+i. The first string shows the case when d is odd, whereas the second
shows the case when d is even. All edges in these graphs are negative.

Figure 5.6: To the left, the vertices with Euler number 41 are joined by d — 1
bamboos, each having one vertex with Euler number 0, and one negative edge.
Applying one zero-chain absorption, we get a graph with d — 2 bamboos joining
a O-vertex with itself. Now, apply an oriented handle absorption, R5, to each of
these loops, ending with a single vertex with Euler number 0 and genus d — 1.

6.2. We describe a plumbing graph explicitly from the poset P4. To each line
{; we associate a vertex v;, with Euler number and genus

€ = _17 9i = 0.

To each intersection point p;, we associate a vertex w;. If n; > 2, then its Euler
number and genus are

= 1D)(n; —2
69 e=d%om,  gegso @02

and for double points, n; = 2, we set
ej = —d, gj =0.

If p; € ¢; and n; > 2, then we join the vertices v;,w; by a string as in fig. 6.4.
All the edges in this string are positive, and it has negative Euler numbers
hi,...,h, determined by

d
o = [h17h27"'7hr]’

nj

All edges in on this string have a positive sign.

11



o— o @& - - - - - ——————- P PY [(ijl)(nj*2)1|

Figure 6.4: A string in the graph G for a multiple point p;, n; > 2. Observe
that all edges have a positive sign.

If p; is a double point, the intersection point of ¢; and ¢;/, then we join w;
with v; and v;; by one edge each, one positive, and one negative. Note that it is
not important which one has which sign, as they can be swapped by applying
the operation RO to the vertex w;.

Lemma 6.5. The graphs Gns, and G are equivalent plumbing graphs, i.e. G
is obtained by applying a sequence of operations R0O-8 to Gns,.

Proof. The graph G is obtained by applying the following sequence of operations

On one hand, on each string joining two vertices v%\lsz and w;-\ISZ in Gng, with
n; > 2:
1. Perform a negative blow-up at every edge, the inverse of R1 with e = —1.

This lowers the Euler number at every vertex in Gng, by its valency.

2. Every vertex in the string which has Euler number 2 in Gng, now has
Euler number 0. Perform a 0-chain absorption, R3, on it.

3. Any vertex on the string which has Euler number e > 2 has Euler number
e — 2 in the resulting graph, so far. Perform e — 3 zero-extrusions on it,
i.e. the inverse of R3, thus replacing it with a substring with alternating
Euler numbers 1 and 0.

4. Blow down the vertices introduced in the last step which have Euler num-
ber 1.

5. Observe that all but one negative sign on each original string is deleted,
leaving precisely one, which we can take as the edge next to a vertex v;.

By this procedure, a maximal subsequence ki1 = ... = ki1, = 2 of 2’s of
length m in kq, ..., ks gets turned into a single —m — 2 if the subsequence is at
either end, and a —m — 3 if it is in the interior. Note that this also applies to
subsequences of length m = 0, i.e. an edge connecting k;_; and k;y; with both
ki, ki+1 > 3. Similarly, any k; > 3 is turned into a string of —2’s of length k; — 2
if ¢ # 1,s, and of length k; — 3 otherwise. If the sequence of Euler numbers
obtained this way is —hf,...,—h.,, then by [PP07, Proposition 2.7], we have

A=[ki, ... k] = —— =1k, ... hL]

that is,

d
[ ’1,...,h;,]:;:[h1,...,hr]
3

and so the sequences hy,...,h., and hq,...,h, coincide.
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Figure 6.6: Normalization of a string with positive Euler numbers.

On the other hand, if p; is a double point in A, contained in two lines £1, 45,
then the subgraph of Gys, on the vertices v}5% v}5% w;\lsz and the two strings
connecting them is transformed by the same operation to one of the strings
on the left of fig. 6.7, depending on the parity of d. In the even case, a zero-
chain absorption yields the string on the right, whereas in the odd case, two
blow-downs and a zero-chain absorption gives the same result.

d d
~1 d 0 d ~1
® ® ® ®
e w, o ~1 —d -1
d+1 d+1
T - o ©u v
® ® ® ® ® ® ®
’Ul@ Y ®U2

Figure 6.7: Part of normalizing a double point.

Now, observe that for every line ¢;, all these operations have lowered the
Euler number of vN% by one, precisely once for each multiple point pj € ;.

%

Since eNS% = f; — 1, we find that the vertex v; in G has Euler number —1. By a

g
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similar argument, we have a vertex w; in G for every intersection point p; with
n; > 2, with Euler number and genus given by eq. (6.3).

Finally, apply operation RO to every vertex v; in the resulting graph, and we
remove the one minus on any string joining v; and w; if n; > 2. Each special
node w; corresponding to a double point p; is still adjacent to one negative
edge. |

Lemma 6.8. If A is a non-exceptional arrangement, then the graph G is in
normal form, as in [Neu81, §4].

Proof. We verify conditions N1-6 in [Neu81, §4] for G. By assumption, all
vertices v; corresponding to lines ¢; have valency §; > 3. Any vertex of valency
2 in this graph therefore either lies on a string corresponding to p; € ¢; with
n; > 2, and so has Euler number h; < —2, or it is a special node corresponding
to a double point, and has Euler number —d < —2. In particular, we have
verified condition N2 for G.

Now, the graph G has no vertex of valency 1 or 0. With what we have seen
so far, one verifies that the operations R1-8 cannot be applied to G, verifying
condition N1. Having no leaf, the graph satisfies N3-5. Since G is connected and
does have a vertex of valency > 3 (take any v;) condition N6 is also satisfied. W

7 Double connected pencils and complete bipar-
tite graphs

Among the exceptional families of arrangements, the only remaining case is that
of a double connected pencil: we assume that A = D, ; for some a > b > 3.

Lemma 7.1. Let Gney be a plumbing graph in normal form for the boundary
OF 4 of a Milnor fiber associated with a connected double pencil D, with a >
b >3, and let Nycg be its reqular node graph. Then Nyes is a complete bipartite
graph on a and b vertices.

Proof. Let G be the graph associated to A = D, , following the construction
of Section 6. Assume that p; and py are the two centers of the pencils in Dy 3,
so that n; = a, ny = b. Assume also that ¢; is the line passing through p;, ps.
The node graph associated with G is a complete bipartite graph on a, b vertices.
Indeed, we can divide the set of regular nodes .4 ¢ into two independent sets
by taking

* JV? as the set containing w;, as well as v; for ¢; & p;,
% and JV? as the set containing wyg, as well as v; for ¢; & p.
These are independent sets, showing that N, is bipartite. It is complete, since
® If ¢; # pj, then £; > pi, so Nyee has an edge joining v; and w;.
% Similarly, If ¢; Z p, then £; > p;, so Vg has an edge joining v; and wy,.

® If ¢; Z p; and ¢; Z pi, then the lines ¢; and ¢; intersect in a double point,
and so v; and vy are joined by a string in G, i.e. they are joined by an
edge in Nyeg.

14



#® There is a string joining w; and wy, in G, the concatenation of the strings
corresponding to w; € ¢; and wy € {1, inducing an edge joining w; and
Wi in Nreg-

Now, we normalize the graph G. What this means is, apply the procedure
described in the proof of [Neu81, Theorem 4.1]. In our situation, it suffices to
only blow down, or apply zero-absorption to vertices on the string joining w;
and wg. There are two possible outcomes of this operation:

a) the vertices w;, wy remain vertices in Gneu, possibly with a different Euler
J
number, joined by a string consisting of vertices with Euler number < —2,

(b) the last operation in the sequence is a zero-absorption, making one vertex
out of w;, wy and a zero-vertex between them.

In order to finish the proof, it suffices to eliminate option (b). If C; and Cj
are Seifert fibers in the pieces corresponding to w; and wy, then option (b) is
equivalent to C; and £C), representing the same homology class in the union
of pieces in OF 4 corresponding to the string. This union is homeomorphic to
(S1)2 x I. Let H = Z? be its first integral homology group. We will now show
that the fundamental classes [C}], [Ck] € H are linearly independent. It suffices
to find a linear map H — Z? mapping [C;] and [Cy] to linearly independent

elements. Denote by u_,,u_r_1,...,u_1,Uy = V3, U1,...,us the vertices along
the string joining w; and wy, in G, and name the vertices along it and its Euler
numbers as in fig. 7.2. Set also u_,_; = w; and us41 = w. Let C} be a
U_yp—1 Uy U_1 Up Uy Us Us41
€; —k’_r —k,’_l -1 —k’l —k’s (A
L @ @ @ @

Figure 7.2: We show that this bamboo, along with the end vertices w; and wy,
does not collapse to just one vertex by Neumann’s normalization algorithm.

Seifert fiber in the piece corresponding to u; for —r — 1 <1 < s+ 1. We then
have linear relations in H

—[Cia] + k[Cl] = [Ciya], —r<l<s.

Furthermore, [C;_1] and [C]] form a basis for any —r < < s+ 1. Thus, there
exists a unique linear isomorphism 1 : H — Z? satisfying

vie-d=(3). waab=(1).  wicn=(g).

Define integers &;,n; by
wicn=(%).

Then, the theory of negative continued fractions (see e.g. [BHPV04, IIL.5] with
wi =& —ni, vi = n; for i > 0) provides

(d—np)(Est1 — Nsg1) = d€si1, ged(&,mi) =1,
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and so, since d = a + b — 1 and n; = a, we find

Y ([Cspa]) = m (a__b1> :

In a similar way, we find

Y ([C_ra]) = m <b_—a1> '

As a result, the vectors v ([Cs11]) and ¢ ([C—,_1]) are linearly independent,
since

det (“‘bl b_“1> =—a—b+1=—-d#0. u
Example 7.3. In fig. 7.4 we see the graphs G and Gpey, in the case of the
smallest double connected pencil D53 3. All vertices have genus zero, black dots
are vertices with Euler number —1, red dots are special nodes with Euler number
—5, black lines are regular edges, and green lines are strings with Euler numbers
—2,—3, from left to right.

L ]
G GNeu

Figure 7.4: The smallest double pencil, D3 3. As topological graphs, they are
complete bipartite graphs on 3 and 3 vertices.

8 General case: non-exceptional arrangements

We conclude by addressing the general case. In order to do so, we need to detail
how to recover the intersect poset of a non-exceptional arrangement 4 and also
how to distinguish it from the one of a double connected pencil.

Lemma 8.1. If A is non-exceptional, and Gneu 18 a plumbing graph for OF 4
in normal form, then Gney determines the poset associated with A.

Proof. By lemma 6.8, we can assume that Gney = G. It is then clear that the
special node graph Ny, is connected and bipartite, having maximal independent
sets #1 consisting of v; for ¢; € A, and ¥5 consisting of w; for intersection points
p;. To see this, it is sufficient to see that any special node in Gney corresponds
to a double point. The only other way that a special node could arise is if there
is an intersection point p; such that

16



% we have n; > 2 and and g; =0,

® if {; > p;, then the corresponding bamboo joining v; and w; consists of a
single vertex with Euler number —d’ < 2.

Since n; — 2 # 0, and g; = 0, we have ¢; — 1 = 0. Therefore we get

P
nj

3 ng(da nj) = 17

and so n; = 1, which is impossible. As a result of this, we see that
#® (Ngp, 71) corresponds to Py,
% ¢g; =0 and e; = —1 for all nodes v; € 71,

% any special node is in %5,

% if v € Y1 and w € ¥, are joined by a chain, and §,, > 3, then v = v; for
some ¢; € A, and w = w; for some intersection point p; with n; > 3. The

Euler numbers —hy, ..., —h, on the chain then satisfy
d ||
hi,...,h;] = — = —.
[ 15 9 ] n] 6w

We must show that 7] is the unique maximal independent set in N satisfying
these conditions, i.e. that the above conditions are not satisfied if we switch
the roles of 77 and #;. Assume the contrary, in order to derive a contradiction.
Our assumptions thus imply

% there are no special nodes, and so no double intersection points in A,
#® g; = 0 and e; = —1 for all intersection points j,

#® with v € 71, w € ¥ joined by a string with Euler numbers hq,...,h, as
above, we have

(8.2) s ] =

The combined conditions g; = 0 and n; > 2 imply ¢; = 1 for all j. We therefore

have m; = n;. Since e; = —1, we have e?sz = n; — 1, but we also have
eysz = m} by Lemma 4.7. Therefore,
With multiplicities myq, ..., ms as in fig. 4.5, and setting mg = —1 and mgsy; =
m;, we have equations

—my—1 + kymy —mypq =0, l=1,...,s,

which implies that we have an increasing sequence of integers

O=my—mog<mg—my <mg—mg < <myyp —my = 1.
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Here, the last equality is eq. (8.3). As a result, there exists a unique ¢ among
1,...,s such that
fo 1<y,
B R R

This implies that all the numbers kq,...,ks are 2, with the sole exception of
ki = 3. We therefore get

ki, k] = [2071,3,2571], (A1, ... hy] =[h1,ho) = [t +1,s —t+2].
Furthermore, since ¢; = 1, and

d 1 hihy —1
n; [ 1 2] 1 hg h2 ’

we have ho = n; and hihy —1=4d, i.e.

d+1
(8.4) =21

nj

Similarly, using eq. (8.2), we find that if the string joins v; and w;, then

7l +1

Uz

hi =mng, ha

In particular, the numbers hi, hy only depend on the vertex v;, i.e. any string
adjacent to the same v; has the same Euler numbers hy, hy. Since the same is
true for strings adjacent to any vertex wj, it follows that all strings joining any
pair v € ¥ and w € ¥ have the same Euler numbers hj, he. In particular,
all vertices v; € #7 have the same valency n; = hi, and all vertices w; € %
have the same valency n; = hy. Thus, any line ¢; contains n; singular points,
through each of which, n; = hy lines pass, including ¢;. Since every line in A
passes through one of these points, we find

d:ﬁi(nj —1)+1.

At the same time, by eq. (8.4), we find 7;n; = d + 1. Together, these equations
imply n; = 2, contradicting 4 being non-exceptional. ]

Lemma 8.5. If A is not exceptional, then the regular node graph Nyeg associated
with GNeu 18 not a complete bipartite graph.

Proof. By Lemma 6.8, the regular nodes of Gye, correspond to precisely the
lines ¢; and intersection points p; with n; > 3, and Gney is connected. Denote
by A the set of lines, and II the set of intersection points p; with n; > 3. If
Nieg is bipartite, then there exists a unique partitioning of each set

A:AlﬂAQ, H:H1HH2

corresponding to a partitioning of the regular nodes in Gey. If 4;;, € Ay and
¢;, € Ao, then these lines intersect in a double point, providing an edge in Nycg,
whereas if £;,£; € Ay, then ¢; and ;s intersect in a point of multiplicity > 3.
If Nieg is a complete bipartite graph, then there is an edge joining any pair of
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vertices in II; and II;. But, since there is no line containing only two intersection
points, a vertex in II; is not joined with a vertex in Il5, so one of these sets is
empty, let us assume that IT; = (). If II; = () as well, then A is generic, i.e. has
only double interesction points. In this case, the node graph N, is a complete
graph on d vertices, and so either not bipartite, or exceptional.

Now, any line ¢; containing a point of multiplicity > 3 is in A1, so Az consists
of generic lines, i.e. lines which only contain double points. Any such generic
line is necessarily in Ao, since it intersects any line in A; in a double point.
Two distinct generic lines cannot exist, since they would intersect each other in
a double point. As a result, there can be at most one generic line. If there is
no generic line, then all intersection points have multiplicity > 3, and all lines
contain all points. Thus, there is either exactly one line, d = 1, which is not
the case, since A is non-exceptional, or there is exactly one intersection point,
which is also excluded, since the pencil is exceptional. If there does exists a
generic line ¢; € Ay, then the arrangement A" = A\ {¢;} is of the above type,
which implies that A either contains two lines, or it is a near-pencil. But these
cases are exceptional. |
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